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Abstract
In the Wigner-covariant rest-frame instant form of dynamics it is possible
to develop a relativistic kinematics for the N-body problem which solves all
the problems raised till now on this topic. The Wigner hyperplanes, orthogo-
nal to the total timelike 4-momentum of any N-body configuration, define the
intrinsic rest frame and realize the separation of the center-of-mass motion.
The point chosen as origin of each Wigner hyperplane can be made to co-
incide with the covariant non-canonical Fokker-Pryce center of inertia. This
is distinct from the canonical pseudo-vector describing the decoupled motion
of the center of mass (having the same Euclidean covariance as the quantum
1
Newton-Wigner 3-position operator) and the non-canonical pseudo-vector for
the Møller center of energy. These are the only external notions of relativistic
center of mass, definable only in terms of the external Poincare´ group real-
ization. Inside the Wigner hyperplane, an internal unfaithful realization of
the Poincare´ group is defined while the analogous three concepts of center
of mass weakly coincide due to the first class constraints defining the rest
frame (vanishing of the internal 3-momentum). This unique internal center
of mass is consequently a gauge variable which, through a gauge fixing, can
be localized atthe origin of the Wigner hyperplane. An adapted canonical
basis of relative variables is found by means of the classical counterpart of the
Gartenhaus-Schwartz transformation. The invariant mass of the N-body con-
figuration is the Hamiltonian for the relative motions. In this framework we
can introduce the same dynamical body frames, orientation-shape variables,
spin frame and canonical spin bases for the rotational kinematics developed
for the non-relativistic N-body problem.
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I. INTRODUCTION.
In the non-relativistic N-body problem the separation of the absolute translational mo-
tion of the center of mass from the relative motions can be easily carried out, due to the
Abelian nature of the translation symmetry group. This implies that the associated Noether
constants of motion (the conserved total 3-momentum) are in involution, so that the center-
of-mass degrees of freedom decouple. Moreover, the fact that the non-relativistic kinetic
energy of the relative motions is a quadratic form in the relative velocities allows the intro-
duction of special sets of relative coordinates, the Jacobi normal relative coordinates, that
diagonalize the quadratic form and correspond to different patterns of clustering of the cen-
ters of mass of the particles. Each set of Jacobi coordinates organizes the N particles into a
hierarchy of clusters, in which each cluster of two or more particles has a mass given by an
eigenvalue (reduced masses) of the quadratic form; the Jacobi normal coordinates join the
centers of mass of cluster pairs.
On the other hand, the non-Abelian nature of the rotation symmetry group, whose
associated Noether constants of motion (the conserved total angular momentum) are not
in involution, prevents the possibility of a global separation of absolute rotations from the
relative motions, so that there is no global definition of absolute vibrations. This has the
consequence that an isolated deformable body can undergo rotations by changing its own
shape (as shown by the falling cat and the diver). It was just to deal with these problems
that the theory of the orientation-shape SO(3) principal bundle [1] has been developed in
the context of molecular physics, emphasizing the gauge nature of a static (i.e. velocity-
independent) definition of body frame for a deformable body. As a consequence, both the
laboratory and body frame angular velocities as well as the orientational variables of the
static body frame become unobservable gauge variables. This approach is associated with a
set of point canonical transformations, which allow to define the body frame components of
relative motions in a velocity-independent way.
In a previous paper [2] we showed that a more general class of non-point canonical
transformations exists for N ≥ 3, which allows to identify a family of canonical spin bases
connected to the patterns of the possible clusterings of the spins associated with relative
motions (namely the components of the center-of-mass angular momenta). The definition
of these spin bases is independent of the use of Jacobi normal relative coordinates, just
as the patterns of spin clustering are independent of the patterns of center-of-mass Jacobi
clustering.
There exist two basic frames associated to each spin basis: the spin frame and the dy-
namical body frame. Their construction is guaranteed by the fact that, besides the existence
on the relative phase space of a Hamiltonian symmetry left action of SO(3)1 2 on the rela-
tive phase space, it is possible to define as many Hamiltonian non-symmetry right actions of
1We adhere to the definitions used in Ref. [1]; in the mathematical literature our left action is a
right action.
2The generators are the center-of-mass angular momentum, Noether constants of motion.
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SO(3) 3 as the possible patterns of spin clustering. While for N=3 the unique canonical spin
basis coincides with a special class of global cross sections of the trivial orientation-shape
SO(3) principal bundle, for N ≥ 4 the existing spin bases and dynamical body frames turn
out to be unrelated to the local cross sections of the static non-trivial orientation-shape
SO(3) principal bundle, and evolve in a dynamical way dictated by the equations of motion.
Both the orientation variables and the angular velocities become measurable quantities in
each canonical spin basis.
In this way we get for each N a finite number of physically well-defined separations
between rotational and vibrational degrees of freedom. The unique body frame of rigid bodies
is replaced by a discrete number of evolving dynamical body frames and of spin canonical
bases, both of which are grounded on patterns of spin couplings, direct analogues of the
coupling of quantum angular momenta. These results might be useful in non-relativistic
nuclear and molecular physics.
Besides translations and rotations, every isolated non-relativistic system admits the inter-
nal energy, the total mass and the Galilei boosts (which amounts essentially to the definition
of the center of mass) as constants of the motion. Altogether, there are 11 constants of mo-
tion (one of them is a central charge) with which one gets a realization of the kinematical
extended Galilei algebra [3,4].
The problem we want to tackle is what happens when we replace Galilean spacetime
with Minkowski spacetime. Precisely what can be said in this case about the separation of
the center of mass from the relative motions (the Abelian translation symmetry) and about
the treatment of rotations (the non-Abelian rotational symmetry) already for the simplest
system of N free scalar positive-energy particles?
The first immediate issue is how to describe a relativistic scalar particle. Among the
various possibilities (see Refs. [5] for a review of the various options) we will choose to
start from the manifestly Lorentz covariant approach using Dirac’s first class constraints to
identify free particles4
p2i − ǫm2i ≈ 0. (1.1)
The associated Lagrangian description starts from the 4-vector positions xµi (τ) and the action
S =
∫
dτ
(
− ǫ∑imi√ǫx˙2i (τ)), where τ is a Lorentz scalar mathematical time parameter 5.
Therefore Lorentz covariance implies the use of singular Lagrangians and of the associated
Dirac’s theory of constraints for the Hamiltonian description. The time variables xoi (τ) are
the gauge variables associated to the mass-shell constraints, which have the two topologically
disjoint solutions poi ≈ ±
√
m2i + ~p
2
i . As discussed in Ref. [6,7] this implies that:
i) a combination of the time variables may be identified with the clock of one arbitrary
observer labelling the evolution of the isolated system;
3The generators are not constants of motion.
4We shall use c = 1 everywhere and the convention ηµν = ǫ(+ − −−) for the Minkowski metric
(with ǫ = ±1 according to the either particle physics or general relativity convention).
5An affine parameter for the particle timelike worldlines.
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ii) the N − 1 relative times are connected with the observer freedom of looking at the N
particles either at the same time or with any prescribed delay among them.
The introduction of interactions in this picture without destroying the first class nature
of the constraints 6 is a difficult problem, which gave origin, in the two-particle case, to the
DrozVincent-Komar-Todorov model [8]. On the other hand, its extension to N particles was
never given in closed form.
When the particle is charged and interacts with a dynamical (non-external) electromag-
netic field a problem of covariance reappears. The standard description of a charged scalar
particle interacting with the electromagnetic field is based on the action
S = −ǫm
∫
dτ
√
ǫx˙2(τ)− e
∫
dτ
∫
d4zδ4(z − x(τ))x˙µ(τ)Aµ(z)− 1
4
∫
d4zF µν(z)Fµν(z).
(1.2)
If we evaluate the canonical momenta of the isolated system charged particle plus electro-
magnetic field, we find two primary constraints:
χ(τ) =
(
p− eA(x(τ))
)2 − ǫm2 ≈ 0,
πo(zo, ~z) ≈ 0. (1.3)
One realizes immediately that it is impossible to evaluate the Poisson bracket of the two
constraints, because there is no concept of equal time. Also the Dirac Hamiltonian, which
should be HD = Hc+ λ(τ)χ(τ) +
∫
d3zλo(zo, ~z)πo(zo, ~z) 7, does not make sense for the same
reason. This problem is also present at the level of the Euler-Lagrange equations: precisely
the formulation of a Cauchy problem for a system of coupled equations some of which are
ordinary differential equations in the affine parameter τ along the particle worldline, while
the others are partial differential equations depending on Minkowski coordinates zµ. Since
the problem is due the absence of a covariant concept of equal time between the field and
particle variables, a new formulation of the problem is needed.
In Ref. [7], after a discussion of the many time formalism, a solution of the previous covari-
ance problem was found in a way suggested in the context of a description able to incorporate
the gravitational field. There one considers an arbitrary 3+1 splitting of Minkowski space-
time with spacelike hypersurfaces which is equivalent to a congruence of timelike accelerated
observers. This is essentially Dirac’s reformulation [9] of classical field theory (suitably ex-
tended to particles) on arbitrary spacelike hypersurfaces (equal time surfaces): it is also the
classical basis of the Tomonaga-Schwinger formulation of quantum field theory. In this way,
for each isolated system (containing any combination of particles, strings and fields) one gets
its reformulation as a parametrized Minkowski theory [7], with the extra bonus of having
the theory already prepared to the coupling to gravity in its ADM formulation, but with
the price that the functions zµ(τ, ~σ) describing the embedding of the spacelike hypersurface
6See Ref. [5] for the models with second class constraints corresponding to gauge fixings of the
relative times.
7With Hc the canonical Hamiltonian and with λ(τ), λ
o(zo, ~z) Dirac’s multipliers.
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in Minkowski spacetime become additional configuration variables in the action principle.
Since the action is invariant under separate τ -reparametrizations and space-diffeomorphisms,
there are first class constraints ensuring the independence of the description from the choice
of the 3+1 splitting: the embedding configuration variables zµ(τ, ~σ) are the gauge variables
associated with this kind of general covariance.
Let us remark that, since the intersection of a timelike worldline with a spacelike hyper-
surface corresponding to a value τ of the time parameter is identified by 3 numbers ~σ = ~η(τ)
and not by four, in parametrized Minkowski theories each particle must have a well defined
sign of the energy: therefore we cannot simultaneously describe the two topologically disjoint
branches of the mass hyperboloid as in the standard manifestly Lorentz-covariant theories.
As a consequence, there are no more mass-shell constraints. Each particle with a definite
sign of the energy is described by the canonical coordinates ~ηi(τ), ~κi(τ) with the derived
4-position of the particles given by xµi (τ) = z
µ(τ, ~ηi(τ)). The derived 4-momenta p
µ
i (τ) are
~κi-dependent solutions of p
2
i − ǫm2i = 0 with the chosen sign of the energy.
In Minkowski spacetime, due to the independence of parametrized theories from the 3+1
splitting, we can restrict the foliation to have spacelike hyperplanes as leaves. In particular,
for each configuration of the isolated system with timelike 4-momentum, we can restrict
to the special foliation whose leaves are the hyperplanes orthogonal to the conserved total
4-momentum (Wigner hyperplanes). This special foliation is intrinsically determined by the
configuration of the isolated system only. In this way [7] it is possible to define the Wigner-
covariant rest-frame instant form of dynamics for every isolated system whose configurations
have well defined and finite Poincare´ generators with timelike total 4-momentum 8 9.
This formulation provides a clarification of the roles of the various relativistic centers
of mass. This is a long standing problem which arose just after the foundation of special
relativity in the first decade of the last century. In the next ninty years it became clear
that the definition of a relativistic center of mass is highly non-trivial: no definition can
enjoy all the properties of the non-relativistic center of mass. See Refs. [11–16] for a partial
bibliography of all the existing attempts and Ref. [17] for reviews.
As shown in Appendix A, in the rest-frame instant form on Wigner hyperplanes only
four first class constraints survive and the original configuration variables zµ(τ, ~σ), ~ηi(τ) and
their conjugate momenta ρµ(τ, ~σ), ~κi(τ) are reduced to:
i) a decoupled particle x˜µs (τ), p
µ
s (the only remnant of the spacelike hypersurface) with
a positive mass ǫs =
√
ǫp2s determined by the first class constraint ǫs −Msys ≈ 0 10 and
with its rest-frame Lorentz scalar time Ts =
x˜s·ps
ǫs
put equal to the mathematical time as
the gauge fixing Ts − τ ≈ 0 to the previous constraint. Here, x˜µs (τ) is a non-covariant
canonical variable for the external 4-center of mass. After the elimination of Ts and ǫs with
the previous pair of second class constraints, one remains with a decoupled free point (point
8See Ref. [10] for the traditional forms of dynamics.
9See Appendix A for a review of parametrized Minkowski theories and of the rest-frame instant
form of dynamics.
10Msys being the invariant mass of the isolated system.
6
particle clock) of mass Msys and canonical 3-coordinates ~zs = ǫs(~˜xs − ~pspos x˜
o), ~ks =
~ps
ǫs
11. The
non-covariant canonical x˜µs (τ) must not be confused with the 4-vector x
µ
s (τ) = z
µ(τ, ~σ = 0)
identifying the origin of the 3-coordinates ~σ inside the Wigner hyperplanes. The worldline
xµs (τ) is arbitrary because it depends on x
µ
s (0) and its 4-velocity x˙
µ
s (τ) depends on the Dirac
multipliers associated with the 4 first class constraints 12, as it will be shown in the next
Section. The unit timelike 4-vector uµ(ps) = p
µ
s/ǫs is orthogonal to the Wigner hyperplanes
and describes their orientation in the chosen inertial frame.
ii) the particle canonical variables ~ηi(τ), ~κi(τ)
13 inside the Wigner hyperplanes. They are
restricted by the three first class constraints (the rest-frame conditions) ~κ+ =
∑N
i=1 ~κi ≈ 0.
Therefore, we need a doubling of the concepts:
1) there is the external viewpoint of an arbitrary inertial Lorentz observer, who describes
the Wigner hyperplanes, as leaves of a foliation of Minkowski spacetime, determined by the
timelike configurations of the isolated system. A change of inertial observer by means of a
Lorentz transformation rotates the Wigner hyperplanes and induces a Wigner rotation of
the 3-vectors inside each Wigner hyperplane. Every such hyperplane inherits an induced
internal Euclidean structure while an external realization of the Poincare´ group induces the
internal Euclidean action.
As said above, an arbitrary worldline xµs (τ) is chosen as origin of the internal 3-
coordinates on the Wigner hyperplanes; its velocity x˙µs (τ) is determined only after the intro-
duction of four gauge fixings for the four first class constraints (one of them is Ts − τ ≈ 0).
Three external concepts of 4-center of mass can be defined (each one of which there has
an internal 3-location inside the Wigner hyperplanes):
a) the external non-covariant canonical 4-center of mass (also named center of spin [15])
x˜µs (with 3-location ~˜σ),
b) the external non-covariant non-canonical Møller 4-center of energy [13]Rµs (with 3-location
~σR),
c) the external covariant non-canonical Fokker-Pryce 4-center of inertia [14,15] Y µs (with
3-location ~σY ).
Only the canonical non-covariant center of mass x˜µs (τ) is relevant in the Hamiltonian
treatment with Dirac constraints, while only the Fokker-Pryce Y µs is a 4-vector by construc-
tion
2) there is the internal viewpoint inside the Wigner hyperplanes associated to a unfaithful
internal realization of the Poincare´ algebra: the internal 3-momentum ~κ+ vanishes due to
11~zs/ǫs is the classical analogue of the Newton-Wigner 3-position operator [12] and, like it, is only
covariant under the Euclidean subgroup of the Poincare´ group only.
12Therefore this arbitrary worldline may be considered as an arbitrary centroid for the isolated
system.
13They are Wigner spin-1 3-vectors, like the coordinates ~σ.
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the rest-frame conditions. The internal energy and angular momentum are the invariant
mass Msys and the spin (the angular momentum with respect to x˜
µ
s (τ)) of the isolated
system, respectively. Three internal 3-centers of mass: the internal canonical 3-center of
mass can be correspondingly defined, the internal Møller 3-center of energy and the internal
Fokker-Pryce 3-center of inertia. But, due to the rest-frame conditions, they coincide and
become essentially the it gauge variable conjugate to ~κ+. As a natural gauge fixing for the
rest-frame conditions ~κ+ ≈ 0, we can add the vanishing of the internal Lorentz boosts: this
is equivalent to locate the internal canonical 3-center of mass ~q+ in ~σ = 0, i.e. in the origin
xµs (τ) = z
µ(τ,~0). With these gauge fixings and with Ts−τ ≈ 0, the worldline xµs (τ) becomes
uniquely determined except for the arbitrariness in the choice of xµs (0) [ u
µ(ps) = p
µ
s/ǫs]
xµs (τ) = x
µ
s (0) + u
µ(ps)Ts, (1.4)
and coincides with the external covariant non-canonical Fokker-Pryce 4-center of inertia,
xµs (τ) = x
µ
s (0) + Y
µ
s .
This doubling of concepts replaces the separation of the non-relativistic 3-center of mass
due to the Abelian translation symmetry. The non-relativistic conserved 3-momentum is
replaced by the external ~ps = ǫs~ks, while the internal 3-momentum vanishes, ~κ+ ≈ 0, as a
definition of rest frame.
In the final gauge we have ǫs ≡ Msys, Ts ≡ τ and the canonical basis ~zs, ~ks, ~ηi, ~κi
restricted by the three pairs of second class constraints ~κ+ =
∑N
i=1 ~κi ≈ 0, ~q+ ≈ 0, so that
6N canonical variables describe the N particles like in the non-relativistic case. We still need
a canonical transformation ~ηi, ~κi 7→ ~q+[≈ 0], ~κ+[≈ 0], ~ρa, ~πa (a = 1, .., N − 1) in order to
identify a set of relative canonical variables. The final 6N-dimensional canonical basis is ~zs,
~ks, ~ρa, ~πa. To get this result we need a highly non-linear canonical transformation, which
can be obtained by exploiting the Gartenhaus-Schwartz singular transformation [18].
In the end, we obtain the Hamiltonian for relative motions as a sum of N square roots,
each one containing a squared mass and a quadratic form in the relative momenta. This
Hamiltonian goes into its non-relativistic counterpart in the limit c →∞. This fact has the
following implications:
a) if one tries to make the inverse Legendre transformation to find the associated La-
grangian, it turns out that, due to the presence of square roots, the Lagrangian is a hy-
perelliptic function of ~˙ρa already in the free case. A closed form exists only for N=2,
m1 = m2 = m: L = −ǫm
√
4− ~˙ρ2. This exceptional case already shows that the existence of
the limiting velocity c (i.e. of the light-cone) forbids the traditional linear relation between
the spin and the angular velocity.
b) the N quadratic forms in the relative momenta appearing in the relative Hamiltonian
cannot be diagonalized simultaneously. In any case, the Hamiltonian is a sum of square roots,
so that concepts like reduced masses, Jacobi normal relative coordinates and tensor of inertia
cannot be extended to special relativity. As a consequence, the orientation-shape SO(3)
principal bundle of Ref. [1] can be defined only by using unspecified relative coordinates.
c) the best way of studying rotational kinematics is by using the canonical spin bases of
Ref. [2] with their spin frames and dynamical body frames: they can be build in the same
way as in the non-relativistic case starting from the canonical basis ~ρa, ~πa.
Once these points are understood in the free case, the introduction of mutual action-at-
a-distance interactions among the particles can be done without extra complications.
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The paper is organized as follows. In Section II we review the rest-frame instant form on
the Wigner hyperplane of N positive energy free scalar particles. In Section III we discuss
the internal realization of the Poincare´ algebra and we define the internal center-of-mass
concepts. In Section IV we discuss the external realization of the Poincare´ algebra and we
define the external center-of-mass concepts. In Section V we construct the canonical relative
variables associated with the canonical internal center of mass. In Section VI we analyze
the relativistic rotational kinematics of relative motions inside the Wigner hyperplane using
the same Hamiltonian methods for the construction of the spin bases of Ref. [2]. Some final
comments on open problems are given in the Conclusions.
Appendix A contains a review of parametrized Minkowski theories and of the rest-frame
instant form of dynamics. Some notations on spacelike hypersurfaces are listed in Appendix
B. The results of Section V are extended to spinning particles in Appendix C. Some formulas
for the Euler angles are reported in Appendix D. Finally, the treatment of the 3-body case
is explicitly given in Appendix E.
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II. THE REST-FRAME INSTANT FORM OF N FREE SCALAR RELATIVISTIC
PARTICLES
Let us consider a system of N free scalar positive-energy particles in the framework of
parametrized Minkowski theory (see Appendices A and B).
The configuration variables are a 3-vector ~ηi(τ) for each particle [x
µ
i (τ) = z
µ(τ, ~ηi(τ))]
[7,19]. One has to choose the sign of the energy of each particle, because there are not
mass-shell constraints (like ǫp2i −m2i ≈ 0) at our disposal, due to the fact that one has only
three degrees of freedom for particle, determining the intersection of a timelike trajectory
and of the spacelike hypersurface Στ . For each choice of the sign of the energy of the N
particles, one describes only one of the 2N branches of the mass spectrum of the manifestly
covariant approach based on the coordinates xµi (τ), p
µ
i (τ), i=1,..,N, and on the constraints
ǫp2i −m2i ≈ 0 (in the free case). In this way, one gets a description of relativistic particles
with a given sign of the energy with consistent couplings to fields 14.
The system of N free scalar and positive energy particles is described by the action
[7,19,20]
S =
∫
dτd3σL(τ, ~σ) =
∫
dτL(τ),
L(τ, ~σ) = −
N∑
i=1
δ3(~σ − ~ηi(τ))mi
√
gττ (τ, ~σ) + 2gτ rˇ(τ, ~σ)η˙
rˇ
i (τ) + grˇsˇ(τ, ~σ)η˙
rˇ
i (τ)η˙
sˇ
i (τ),
L(τ) = −
N∑
i=1
mi
√
gττ (τ, ~ηi(τ)) + 2gτ rˇ(τ, ~ηi(τ))η˙rˇi (τ) + grˇsˇ(τ, ~ηi(τ))η˙
rˇ
i (τ)η˙
sˇ
i (τ), (2.1)
where the configuration variables are zµ(τ, ~σ) and ~ηi(τ), i=1,..,N. The action is invariant
under separate τ - and ~σ-reparametrizations.
The canonical momenta are
ρµ(τ, ~σ) = − ∂L(τ, ~σ)
∂zµτ (τ, ~σ)
=
N∑
i=1
δ3(~σ − ~ηi(τ))mi
zτµ(τ, ~σ) + zrˇµ(τ, ~σ)η˙
rˇ
i (τ)√
gττ (τ, ~σ) + 2gτ rˇ(τ, ~σ)η˙
rˇ
i (τ) + grˇsˇ(τ, ~σ)η˙
rˇ
i (τ)η˙
sˇ
i (τ)
=
= [(ρνl
ν)lµ + (ρνz
ν
rˇ )γ
rˇsˇzsˇµ](τ, ~σ),
14This is true for scalar positive-energy particles [20]. For spinning positive-energy particles one
has to add [21] non-minimally some coupling of the spin to the electric field which would be missed
in the projection from the Lorentz covariant theory (with 2N branches of the mass spectrum) to the
theory describing only the branch, in which all the particles have positive energy. This can be done
by performing an approximate Foldy-Wouthuysen transformation of the Lorentz covariant theory
in presence of electromagnetic fields, because the electric field is the source of possible crossings of
the deformed 2N branches (classical counterpart of pair production). The additional spin-electric
field coupling is the source of the spin-orbit term in the quantum electron Hamiltonian.
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κirˇ(τ) = − ∂L(τ)
∂η˙rˇi (τ)
=
= mi
gτ rˇ(τ, ~ηi(τ)) + grˇsˇ(τ, ~ηi(τ))η˙
sˇ
i (τ)√
gττ (τ, ~ηi(τ)) + 2gτ rˇ(τ, ~ηi(τ))η˙rˇi (τ) + grˇsˇ(τ, ~ηi(τ))η˙
rˇ
i (τ)η˙
sˇ
i (τ)
,
{zµ(τ, ~σ), ρν(τ, ~σ′} = −ηµν δ3(~σ − ~σ
′
),
{ηrˇi (τ), κjsˇ(τ)} = −δijδrˇsˇ . (2.2)
The canonical Hamiltonian Hc is zero, the Dirac Hamiltonian is given by Eq.(A3)[there
are no other system-dependent primary constraints] and Eqs.(A2) become
Hµ(τ, ~σ) = ρµ(τ, ~σ)− lµ(τ, ~σ)
N∑
i=1
δ3(~σ − ~ηi(τ))
√
m2i − γ rˇsˇ(τ, ~σ)κirˇ(τ)κisˇ(τ)−
− zrˇµ(τ, ~σ)γ rˇsˇ(τ, ~σ)
N∑
i=1
δ3(~σ − ~ηi(τ))κisˇ ≈ 0. (2.3)
The conserved Poincare´ generators are (the suffix “s” denotes the hypersurface Στ )
pµs =
∫
d3σρµ(τ, ~σ),
Jµνs =
∫
d3σ[zµ(τ, ~σ)ρν(τ, ~σ)− zν(τ, ~σ)ρµ(τ, ~σ)]. (2.4)
After the restriction to spacelike hyperplanes, the Dirac Hamiltonian is reduced to
Eq.(A8) with the surviving ten constraints given by
H˜µ(τ) =
∫
d3σHµ(τ, ~σ) = pµs − lµ
N∑
i=1
√
m2i + ~κ
2
i (τ) + b
µ
rˇ (τ)
N∑
i=1
κirˇ(τ) ≈ 0,
H˜µν(τ) = bµrˇ (τ)
∫
d3σσrˇHν(τ, ~σ)− bνrˇ(τ)
∫
d3σσrˇHµ(τ, ~σ) =
= Sµνs (τ)− [bµrˇ (τ)bντ − bνrˇ (τ)bµτ ]
N∑
i=1
ηrˇi (τ)
√
m2i + ~κ
2
i (τ)−
− [bµrˇ (τ)bνsˇ (τ)− bνrˇ (τ)bµsˇ (τ)]
N∑
i=1
ηrˇi (τ)κ
sˇ
i (τ) ≈ 0. (2.5)
Here Sµνs is the spin part of the Lorentz generators
Jµνs = x
µ
sp
ν
s − xνspµs + Sµνs ,
Sµνs = b
µ
rˇ (τ)
∫
d3σσrˇρν(τ, ~σ)− bνrˇ (τ)
∫
d3σσrˇρµ(τ, ~σ). (2.6)
On the Wigner hyperplane we have the following constraints and Dirac Hamiltonian
[7,20]
H˜µ(τ) = pµs − uµ(ps)
N∑
i=1
√
m2i + ~κ
2
i + ǫ
µ
r (u(ps))
N∑
i=1
κir =
11
= uµ(ps)[ǫs −
N∑
i=1
√
m2i + ~κ
2
i ] + ǫ
µ
r (u(ps))
N∑
i=1
κir ≈ 0,
or
ǫs −Msys ≈ 0, Msys =
N∑
i=1
√
m2i + ~κ
2
i ,
~psys = ~κ+ =
N∑
i=1
~κi ≈ 0,
HD = λ
µ(τ)H˜µ(τ) = λ(τ)[ǫs −Msys]− ~λ(τ)
N∑
i=1
~κi,
λ(τ) ≈ −x˙sµ(τ)uµ(ps),
λr(τ) ≈ −x˙sµ(τ)ǫµr (u(ps)),
˙˜x
µ
s (τ) = −λ(τ)uµ(ps),
x˙µs (τ) ≈ −λ˜µ(τ) = −λ(τ)uµ(ps) + ǫµr (u(ps))λr(τ). (2.7)
While the Dirac multiplier λ(τ) is determined by the gauge fixing Ts−τ ≈ 0, the 3 Dirac’s
multipliers ~λ(τ) describe the classical zitterbewegung of the origin of the coordinates on the
Wigner hyperplane: each gauge-fixing ~χ(τ) ≈ 0 to the 3 first class constraints ~κ+ ≈ 0
(defining the internal rest-frame) gives a different determination of the multipliers ~λ(τ) and
therefore identifies a different worldline for the covariant non-canonical origin x(~χ)µs (τ) which
induces the definition ~χ of the internal 3-center of mass conjugate to ~κ+
15.
The embedding describing Wigner hyperplanes is zµ(τ, ~σ) = xµs (τ) + ǫ
µ
r (u(ps))σ
r, with
the ǫµr (u(ps)) defined in Eqs.(B13).
The various spin tensors and vectors are [7]
Jµνs = x
µ
sp
ν
s − xνspµs + Sµνs = x˜µs pνs − x˜νspµs + S˜µνs ,
Sµνs = [u
µ(ps)ǫ
ν(u(ps))− uν(ps)ǫµ(u(ps))]S¯τrs + ǫµ(u(ps))ǫν(u(ps))S¯rss ≡
≡
[
ǫµr (u(ps))u
ν(ps)− ǫν(u(ps))uµ(ps)
] N∑
i=1
ηri
√
m2i c
2 + ~κ2i +
+
[
ǫµr (u(ps))ǫ
ν
s(u(ps))− ǫνr (u(ps))ǫµr (u(ps))
] N∑
i=1
ηri κ
s
i ,
S¯ABs = ǫ
A
µ (u(ps))ǫ
B
ν (u(ps))S
µν
s ,
S¯rss ≡
N∑
i=1
(ηri κ
s
i − ηsiκri ), S¯τrs ≡ −
N∑
i=1
ηri
√
m2i c
2 + ~κ2i ,
15Naturally each choice ~χ leads to a different set of relative canonical conjugate variables.
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S˜µνs = S
µν
s +
1√
ǫp2s(p
o
s +
√
ǫp2s)
[
psβ(S
βµ
s p
ν
s − Sβνs pµs ) +
√
p2s(S
oµ
s p
ν
s − Soνs pµs )
]
,
S˜ijs = δ
irδjsS¯rss , S˜
oi
s = −
δirS¯rss p
s
s
pos +
√
ǫp2s
,
~¯S ≡ ~¯S =
N∑
i+1
~ηi × ~κi ≈
N∑
i=1
~ηi × ~κi − ~η+ × ~κ+ =
N−1∑
a=1
~ρa × ~πa. (2.8)
Let us remark that while Lµνs = x
µ
sp
ν
s − xνspµs and Sµνs are not constants of the motion
due to the classical zitterbewegung, both L˜µνs = x˜
µ
sp
ν
s − x˜νspµs and S˜µνs are conserved.
The only remaining canonical variables describing the Wigner hyperplane in the final
Dirac brackets are the non-covariant canonical coordinate x˜µs (τ) and p
µ
s . The point with
coordinates x˜µs (τ) is the decoupled canonical external 4-center of mass, playing the role of
a kinematical external 4-center of mass and of a decoupled observer with his parametrized
clock (point particle clock). Its velocity ˙˜x
µ
s (τ) is parallel to p
µ
s , so that it has no classical
zitterbewegung.
The connection between xµs (τ) and x˜
µ
s (τ) is given in Eq.(4.1) in Section IV. Let us remark
that the constant xµs (0) [and x˜
µ
s (0)] is arbitrary, reflecting the arbitrariness in the absolute
location of the origin of the internal coordinates on each hyperplane in Minkowski spacetime.
After the separation of the relativistic canonical non-covariant external 4-center of mass
x˜µs (τ), on the Wigner hyperplane the N particles are described by the 6N Wigner spin-1
3-vectors ~ηi(τ), ~κi(τ) restricted by the rest-frame condition ~κ+ =
∑N
i=1 ~κi ≈ 0.
The canonical variables x˜µs , p
µ
s for the external 4-center of mass, may be replaced by the
canonical pairs [22]16
Ts =
ps · x˜s
ǫs
=
ps · xs
ǫs
,
ǫs = ±
√
ǫp2s,
~zs = ǫs(~˜xs − ~ps
pos
x˜os),
~ks =
~ps
ǫs
, (2.9)
with the inverse transformation
x˜os =
√
1 + ~k2s(Ts +
~ks · ~zs
ǫs
),
~˜xs =
~zs
ǫs
+ (Ts +
~ks · ~zs
ǫs
)~ks,
pos = ǫs
√
1 + ~k2s ,
~ps = ǫs~ks. (2.10)
16They make explicit the interpretation of x˜µs as a point particle clock.
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This non-point canonical transformation in the rest-frame instant form can be summa-
rized as [ǫs −Msys ≈ 0, ~κ+ = ∑Ni=1 ~κi ≈ 0]
x˜µs ~ηi
pµs ~κi
−→ ǫs ~zs ~ηi
Ts ~ks ~κi
(2.11)
The invariant mass Msys of the system, which is also the internal energy of the isolated
system, replaces the non-relativistic Hamiltonian Hrel for the relative degrees of freedom,
after the addition of the gauge-fixing Ts − τ ≈ 0 17: this reminds of the frozen Hamilton-
Jacobi theory, in which the time evolution can be reintroduced by using the energy generator
of the Poincare´ group as Hamiltonian 18.
After the gauge fixings Ts − τ ≈ 0, the final Hamiltonian and the embedding of the
Wigner hyperplane into Minkowski spacetime become
HD =Msys − ~λ(τ) · ~κ+,
zµ(τ, ~σ) = xµs (τ) + ǫ
µ
r (u(ps))σ
r = xµs (0) + u
µ(ps)τ + ǫ
µ
r (u(ps))σ
r,
with
x˙µs (τ)
◦
=
d xµs (τ)
dτ
+ {xµs (τ), HD} = uµ(ps) + ǫµr (u(ps))λr(τ), (2.12)
where xµs (0) is an arbitrary point and ǫ
µ
r (u(ps)) = L
µ
r(ps,
◦
ps). This equation visualizes the
role of the Dirac multipliers as sources of the classical zittebewegung.
After the gauge fixings Ts− τ ≈ 0, ~q+ ≈ 0, the embedding zµ(τ, ~σ) = xµs (τ)+ ǫµr (u(ps))σr
describing Wigner hyperplanes becomes zµ(τ, ~σ) = xµs (0) + u
µ(ps)τ + ǫ
µ
r (u(ps))σ
r.
The particles’ worldlines in Minkowski spacetime and the associated momenta are
xµi (τ) = z
µ(τ, ~ηi(τ)) = x
µ
s (τ) + ǫ
µ
r (u(ps))η
r
i (τ),
pµi (τ) =
√
m2i + ~κ
2
i (τ)u
µ(ps) + ǫ
µ
r (u(ps))κir(τ) ⇒ ǫp2i = m2i . (2.13)
Inside the Wigner hyperplane three degrees of freedom of the isolated system 19 become
gauge variables. To eliminate the three first class constraints ~κ+ ≈ 0 the natural gauge
fixing is ~χ = ~q+ ≈ 0 implying λrˇ(τ) = 0: in this way the internal 3-center of mass gets
17Implying λ(τ) = −ǫ and identifying the time parameter τ , that labels the leaves of the foliation
with the Lorentz scalar time of the center of mass in the rest frame, Ts = ps · x˜s/Msys; Msys
generates the evolution in this time.
18See Refs. [23] for a different derivation of this result.
19They describe an internal center-of-mass 3-variable ~σcom defined inside the Wigner hyperplane
and conjugate to ~κ+; when the ~σcom are canonical variables they are denoted ~q+.
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located in the origin xµs (τ) = z
µ(τ, ~σ = 0) of the Wigner hyperplane. The determination of
~q+ for the N particle system will be done with the group theoretical methods of Ref. [24] in
the next Section.
The same problem arises when one considers the rest-frame description of fields. A basis
with a center of phase has already been found for a real Klein-Gordon field both in the
covariant approach [25] and on spacelike hypersurfaces [26]20. In this case also the internal
center of mass has been found, but not yet a canonical basis containing it.
It turns out that the Wigner hyperplane is the natural setting for the study of the Dixon
multipoles of extended relativistic systems [27] 21 and for defining their canonical relative
variables with respect to the center of mass. Also, the Wigner hyperplane with its natural
Euclidean metric structure offers a natural solution to the problem of boost for lattice gauge
theories and realizes explicitly the Machian view of dynamics according to which only relative
motions are relevant.
The external rest-frame instant form realization of the Poincare´ generators 22 with non-
fixed invariants ǫp2s = ǫ
2
s ≈M2sys, −ǫp2s ~¯S
2
s ≈ −ǫM2sys~¯S
2
, is obtained from Eq.(2.8):
pµs ,
Jµνs = x˜
µ
sp
ν
s − x˜νspµs + S˜µνs ,
pos =
√
ǫ2s + ~p
2
s = ǫs
√
1 + ~k2s ≈
√
M2sys + ~p
2
s = Msys
√
1 + ~k2s ,
~ps = ǫs~ks ≈Msys~ks,
J ijs = x˜
i
sp
j
s − x˜jspis + δirδjs
N∑
i=1
(ηri κ
s
i − ηsiκri ) = ziskjs − zjskis + δirδjsǫrsuS¯us ,
Kis = J
oi
s = x˜
o
sp
i
s − x˜is
√
ǫ2s + ~p
2
s −
1
ǫs +
√
ǫ2s + ~p
2
s
δirpss
N∑
i=1
(ηri κ
s
i − ηsi κri ) =
= −
√
1 + ~k2sz
i
s −
δirkssǫ
rsuS¯us
1 +
√
1 + ~k2s
≈ x˜ospis − x˜is
√
M2sys + ~p
2
s −
δirpssǫ
rsuS¯us
Msys +
√
M2sys + ~p
2
s
. (2.14)
On the other hand, the internal realization of the Poincare´ algebra is built inside the
Wigner hyperplane by using the expression of S¯ABs given by Eq.(2.8)
23
Msys = HM =
N∑
i=1
√
m2i + ~κ
2
i ,
20In this paper there is a first treatment of the topics which will be treated in Sections III and IV
21In a next paper we will study Dixon’s multipoles for the N-body problem [28].
22There are four independent Hamiltonians pos and J
oi
s functions of the system invariant mass
Msys; we give also the expression in the basis Ts, ǫs, ~zs, ~ks.
23This internal Poincare´ algebra realization must not be confused with the previous external one
based on S˜µνs ; Π and W
2 are the two non-fixed invariants of this realization.
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~κ+ =
N∑
i=1
~κi (≈ 0),
~J =
N∑
i=1
~ηi × ~κi, Jr = S¯r = 1
2
ǫruvS¯uv ≡ S¯rs ,
~K = −
N∑
i=1
√
m2i + ~κ
2
i ~ηi, K
r = Jor = S¯τrs ,
Π = M2sys − ~κ2+ ≈M2sys > 0,
W 2 = −ǫ(M2sys − ~κ2+)~¯S
2
s ≈ −ǫM2sys~¯S
2
s. (2.15)
The meaning of the constraints ǫs−Msys ≈ 0, ~κ+ ≈ 0 is: i) the constraint ǫs−Msys ≈ 0
is the bridge connecting the external and internal realizations 24; ii) the constraints ~κ+ ≈ 0,
together with ~K ≈ 0 25, imply a unfaithful internal realization in which the only non-zero
generators are the conserved energy and the spin of an isolated system.
For isolated systems the constraint manifold [29] is a stratified manifold with each stra-
tum corresponding to a type of Poincare´ orbit. The main stratum (dense in the constraint
manifold) corresponds to all configurations of the isolated system belonging to timelike
Poincare´ orbits with ǫp2s ≈ ǫM2sys > 0. As said in Ref. [30], this implies that the center-
of-mass coordinates have been adapted to the co-adjoint orbits of the Poincare´ group. But
this canonical basis does not yet correspond to a typical form of the Poincare´ group [31] in
its canonical action on the phase space of the isolated system, because the second Poincare´
invariant 26 does not appear among the canonical variables. In Ref. [30] a canonical ba-
sis including both Poincare´ invariants was found (all the coordinates are adapted to the
co-adjoint action of the Poincare´ group). As a consequence the new relative variables are
adapted to the SO(3) group.
In Ref. [7] a naive internal center-of-mass variable ~η+ =
1
N
∑N
i=1 ~ηi was introduced and
there was the definition of relative variables ~ρa, ~πa with the following point canonical trans-
formation
~ηi
~κi
−→ ~η+ ~ρa
~κ+ ~πa
, a = 1, .., N − 1
~ηi = ~η+ +
1√
N
N−1∑
a=1
γai~ρa,
~κi =
1
N
~κ+ +
√
N
N−1∑
a=1
γai~πa,
24The external spin coincides with the internal angular momentum due to Eqs.(A11).
25As we shall see in the next Section ~K ≈ 0 is implied by the natural gauge fixing ~q+ ≈ 0.
26The Pauli-Lubanski invariant ~W 2s = −p2s ~S2s .
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~η+ =
1
N
N∑
i=1
~ηi,
~κ+ =
N∑
i=1
~κi ≈ 0,
~ρa =
√
N
N∑
i=1
γai~ηi,
~πa =
1√
N
N∑
i=1
γai~κi,
{ηri , κsj} = δijδrs, {ηr+, κs+} = δrs, {ρra, πsb} = δabδrs,
N∑
i=1
γai = 0,
N−1∑
a=1
γaiγaj = δij − 1
N
,
N∑
i=1
γaiγbi = δab, (2.16)
This is a family of canonical transformations depending on 1
2
(N − 1)(N − 2) free param-
eters (the independent parameters in the γai [5]).
Let us see whether we can take ~σsys = ~η+.
In the gauge27
Ts − τ ≈ 0, (2.17)
the Hamiltonian and the rest-frame constraints are
HD = Msys − ~λ(τ) · ~κ+,
~κ+ ≈ 0. (2.18)
with the invariant mass given by
Msys = HM =
=
N∑
i=1
√
m2i + ~κ
2
i =
N∑
i=1
√√√√m2i + [ 1N~κ+ +
√
N
N−1∑
a=1
γai~πa]2 ≈
≈
N∑
i=1
√√√√√m2i +N
1..N−1∑
a,b
γaiγbi~πa · ~πb. (2.19)
For the origin of coordinates we get
xµs (Ts) = x
µ
s (0) + u
µ(ps)Ts + ǫ
µ
r (u(ps))
∫ Ts
0
dτλr(τ). (2.20)
27It entails 0 ≈ T˙s − 1 = x˙s · u(ps) − 1 = −λ(τ) − 1; after going to Dirac brackets we get Ts ≡ τ
and ǫs ≡ ±Msys.
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The Hamilton equations are [τ ≡ Ts]
~˙ηi(τ)
◦
=
~κi(τ)√
m2i + ~κ
2
i (τ)
− ~λ(τ),
~˙κi(τ)
◦
=0,
⇒ ~κi(τ) ◦=mi [~˙ηi +
~λ](τ)√
1− (~˙ηi(τ) + ~λ(τ))2
,
√
m2i + ~κ
2
i (τ)
◦
=
mi√
1− (~˙ηi(τ) + ~λ(τ))2
,
⇒ LD =
N∑
i=1
~κi · ~˙ηi −HD =
N∑
i=1
~κi · (~˙ηi + ~λ)−HM =
= −
N∑
i=1
mi
√
1− (~˙ηi + ~λ)2 =
= −
N∑
i=1
mi
√√√√√1− [~˙η+ + ~λ+ 1√
N
N−1∑
a=1
γai~˙ρa
]2
. (2.21)
with Euler-Lagrange equations for ~ηi(τ) and ~λ(τ)
d
dτ
[
mi
~˙ηi(τ) +
~λ(τ)√
1− (~˙ηi(τ) + ~λ(τ))2
] ◦
=0,
N∑
i=1
mi
~˙ηi(τ) +
~λ(τ)√
1− (~˙ηi(τ) + ~λ(τ))2
◦
=0. (2.22)
If ~λ(τ) = ~˙g(τ), the solutions of the Hamilton and Euler-Lagrange equations are
~κi(τ)
◦
= ~βi, with ~κ+
◦
=
N∑
i=1
~βi = 0,
~ηi(τ) + ~g(τ)
◦
= ~αi + τ
~βi√
m2i + ~β
2
i
,
⇒ ~η+(τ) + ~g(τ) ◦= 1
N
N∑
i=1
~αi +
τ
N
N∑
i=1
~βi√
m2i + ~β
2
i
,
given ~η+ ⇒ ~g,
~ρa(τ)
◦
=
√
N
N∑
i=1
γai~αi + τ
√
N
N∑
i=1
γai~βi√
m2i + ~β
2
i
,
~πa(τ)
◦
=
1√
N
N∑
i=1
γai~βi. (2.23)
Let us add the gauge fixings ~η+ ≈ 0: their time constancy imply
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~˙η+
◦
= {~η+, HD} = 1
N
N∑
i=1
~κi√
m2i + ~κ
2
i
− ~λ(τ) ≈ 0,
⇒ ~λ(τ) ≈ 1
N
N∑
i=1
~κi√
m2i + ~κ
2
i
6= 0,
⇒ LD|~η+=0 = −
N∑
i=1
mi
√√√√√1− [~λ+ 1√
N
N−1∑
a=1
γai~˙ρa
]2
6=
6= −
N∑
i=1
mi
√√√√1− 1
N
1..N−1∑
ab
γaiγbi~˙ρa · ~˙ρb. (2.24)
Therefore ~η+ ≈ 0 is not the searched natural gauge fixing ~q+ ≈ 0 for the separation of
the center-of-mass motion. The origin in this gauge is
x(~η+)µs (Ts) = x
µ
s (0) + [u
µ(ps) +
1
N
N∑
i=1
κir√
m2i + ~κ
2
i
ǫµr (u(ps))]Ts. (2.25)
If we go to Dirac brackets with respect to ~η+ ≈ 0, ~κ+ ≈ 0, we get the following Hamil-
tonian for the relative variables
HM = Msys =
N∑
i=1
√√√√√m2i +N
1..N−1∑
a,b
γaiγbi~πa · ~πb. (2.26)
However, it is practically impossible to get the associated Lagrangian LR(~ρa, ~˙ρa) for the
relative motions.
For ~η+ = 0 one gets ~g
◦
= 1
N
∑N
i=1 ~αi +
τ
N
∑N
i=1
~βi√
m2
i
+~β2
i
, ~ηi
◦
= ~αi − 1N
∑N
k=1 ~αk + τ(
~βi√
m2
i
+~β2
i
−
1
N
∑N
k=1
~βk√
m2
k
+~β2
k
).
In Section III we will find the natural canonical internal 3-center-of-mass variable ~q+
(replacing the naive ~η+) whose vanishing implies ~λ(τ) = 0. It will be seen that, unlike in the
non-relativistic theory, ~q+ is not a linear combination of the ~ηi’s with coefficients depending
on the masses, but it is connected to the Møller internal 3-center of energy, in which the
masses are replaced by the particle energies.
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III. THE INTERNAL RELATIVISTIC CENTER-OF-MASS VARIABLES ON THE
WIGNER HYPERPLANE
In this Section we will study the internal center of mass variables, while Section IV will
be devoted to the external ones.
In the relativistic case of N free scalar particles with positive energy the Hamiltonian
kinetic energy is not a quadratic form in the momenta and the Lagrangian form is unknown.
The first problem is to separate the global translations: this is the old problem of the
definition of a relativistic center of mass 28. As we have seen in Sections I and II, the
rest-frame instant form of dynamics allows to clarify the problem provided one splits of the
concept of relativistic center of mass into an external one (a pseudo-4-vector) and an internal
one (a Wigner spin 1 3-vector).
The determination of the internal 3-center of mass can be done using the group theo-
retical methods of Ref. [24] (see also Ref. [11]): given a realization on the phase space of
the ten Poincare´ generators one can build three 3-position variables only in terms of them,
which are:
i) a canonical internal center of mass ~q+
29;
ii) a non-canonical internal Møller center of energy ~R+ [13];
iii) a non-canonical internal Fokker-Pryce center of inertia ~y+ [14,15].
On Wigner hyperplanes, due to ~κ+ ≈ 0, we will see that they all coincide: ~q+ ≈ ~R+ ≈ ~y+.
Following Ref. [24] we will determine of ~R+, ~q+, ~y+ starting from the internal realization
(2.15) of the Poincare´ algebra. We get the following Wigner spin 1 3-vectors:
i) The internal Moller 3-center of energy and the associated spin vector
~R+ = − 1
Msys
~K =
∑N
i=1
√
m2i + ~κ
2
i ~ηi∑N
k=1
√
m2k + ~κ
2
k
,
~SR = ~J − ~R+ × ~κ+,
{Rr+, κs+} = δrs, {Rr+,Msys} =
κr+
Msys
,
{Rr+, Rs+} = −
1
M2sys
ǫrsuSuR,
{SrR, SsR} = ǫrsu(SuR −
1
M2sys
~SR · ~κ+ κu+), {SrR,Msys} = 0. (3.1)
Let us notice that with the gauge fixing ~R+ ≈ 0 we have
~R+ ≈ 0⇒ ~˙R+ ◦= {~R+, HD} =
28No definition can retain all the properties of the non-relativistic center of mass.
29Or center of spin: the classical analogue [15,16] of the Newton-Wigner position operator [12].
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=
~κ+∑N
k=1
√
m2k + ~κ
2
k
− ~λ(τ)
∑N
i=1
√
m2i + ~κ
2
i∑N
k=1
√
m2k + ~κ
2
k
≈ −~λ(τ) ≈ 0. (3.2)
Moreover the internal boost generator of Eq.(2.15) may be rewritten as ~K = −Msys ~R+,
so that ~R+ ≈ 0 implies ~K ≈ 0.
ii) The canonical internal 3-center of mass 30 and the associated spin vector
~q+ = ~R+ −
~J × ~Ω√
M2sys − ~κ2+(Msys +
√
M2sys − ~κ2+)
=
= −
~K√
M2sys − ~κ2+
+
~J × ~κ+√
M2sys − ~κ2+(Msys +
√
M2sys − ~κ2+)
+
+
~K · ~κ+ ~κ+
Msys
√
M2sys − ~κ2+
(
Msys +
√
M2sys − ~κ2+
) ,
≈ ~R+ for ~κ+ ≈ 0; {~q+,Msys} = ~κ+
Msys
,
~Sq = ~J − ~q+ × ~κ+ = Msys
~J√
M2sys − ~κ2+
+
+
~K × ~κ+√
M2sys − ~κ2+
−
~J · ~κ+ ~κ+√
M2sys − ~κ2+
(
Msys +
√
M2sys − ~κ2+
) ≈ ~¯S = ~J,
{~Sq, ~κ+} = {~Sq, ~q+} = 0, {Srq , Ssq} = ǫrsuSuq . (3.3)
Let us remark that the scheme A for the internal realization of the Poincare´ group
[24] contains the canonical pairs ~κ+, ~q+, S
3
q , arctg
S2q
S1q
, and the two Casimirs invariants
|~Sq| =
√
−W 2/Π2, √Π (see Eq.(3.5)).
In terms of the original variables one has
~SR =
N∑
i=1
~ηi × ~κi −
∑N
i=1
√
m2i + ~κ
2
i ~ηi × ~κ+∑N
k=1
√
m2k + ~κ
2
k
=
=
N∑
i=1
~ηi ×
[
~κi −
√
m2i + ~κ
2
i∑N
k=1
√
m2k + ~κ
2
k
~κ+
]
≈ ~¯S = ~J,
~q+ = ~R+ −
−
∑N
i=1
[
~ηi ~κ+ · (~κi −
√
m2
i
+~κ2
i∑N
k=1
√
m2
k
+~κ2
k
~κ+)− ~κ+ · ~ηi(~κi −
√
m2
i
+~κ2
i∑N
k=1
√
m2
k
+~κ2
k
~κ+)
]
√
(
∑N
k=1
√
m2k + ~κ
2
+)2 − ~κ2+
(∑N
k=1
√
m2k + ~κ
2
k +
√
(
∑N
k=1
√
m2k + ~κ
2
k)
2 − ~κ2+
) ≈
30It satisfies {qr+, qs+} = 0, {qr+, κs+} = δrs, {Jr, qs+} = ǫrsuqu+, Is~q+ = −~q+, I∗t ~q+ = ~q+.
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≈ ~R+,
~Sq = ~J − ~q+ × ~κ+ =
N∑
i=1
~ηi × ~κi −
−
∑N
i=1
[
~ηi × ~κ+ ~κ+ · (~κi −
√
m2
i
+~κ2
i∑N
k=1
√
m2
k
+~κ2
k
~κ+)− ~κ+ · ~ηi ~κi × ~κ+
]
√
(
∑N
k=1
√
m2k + ~κ
2
+)2 − ~κ2+
(∑N
k=1
√
m2k + ~κ
2
k +
√
(
∑N
k=1
√
m2k + ~κ
2
k)
2 − ~κ2+
)
≈ ~¯S = ~J,
Msys = HM =
N∑
i=1
√
m2i + ~κ
2
i ,
√
M2sys − ~κ2+ =
√√√√( N∑
k=1
√
m2k + ~κ
2
k)
2 − ~κ2+. (3.4)
iii) Besides the internal canonical 3-center of mass ~q+ and the internal non-canonical
Møller 3-center of energy, we can define an internal non-canonical Fokker-Pryce center of
inertia ~y+
~y+ = ~q+ +
~Sq × ~κ+√
M2sys − ~κ2+(Msys +
√
M2sys − ~κ2+)
= ~R+ +
~Sq × ~κ+
Msys
√
M2sys − ~κ2+
,
~q+ = ~R+ +
~Sq × ~κ+
Msys(Msys +
√
M2sys − ~κ2+)
=
Msys ~R+ +
√
M2sys − ~κ2+~y+
Msys +
√
M2sys − ~κ2+
,
{yr+, ys+} =
1
Msys
√
M2sys − ~κ2+
ǫrsu
[
Suq +
~Sq · ~κ+ κu+√
M2sys − ~κ2+(Msys +
√
M2sys − ~κ2+)
]
,
~κ+ ≈ 0⇒ ~q+ ≈ ~R+ ≈ ~y+. (3.5)
Therefore the gauge fixings ~q+ ≈ ~R+ ≈ ~y+ ≈ 0 imply ~λ(τ) ≈ 0 and force the three
internal collective variables to coincide with the origin of the coordinates, which now becomes
x(~q+)µs (Ts) = x
µ
s (0) + u
µ(ps)Ts. (3.6)
By adding the gauge fixings ~χ = ~q+ ≈ ~R+ ≈ ~y+ ≈ 0, it can be shown that the origin
x(µ)s (τ) becomes simultaneously the Dixon center of mass of an extended object [32] and both
the Pirani [33] and Tulczyjew [34] centroids (the Dixon multipoles for the N-body problem
on the Wigner hyperplane will be studied in Ref. [28]).
We need now a canonical transformation bringing from the basis ~ηi, ~κi, to a new canonical
basis ~q+, ~κ+(≈ 0), ~ρq,a, ~πq,a, in which ~Sq = ∑N−1a=1 ~ρq,a × ~πq,a:
~ηi
~κi
−→ ~q+ ~ρqa
~κ+ ~πqa
(3.7)
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Let us remark that this is not a point transformation: the relativistic internal center of
mass ~q+, realizing the effective separation of the center of mass from the relative motions in
the kinetic energy, is momentum dependent.
The canonical transformation (3.6) will be studied in Section V by using the method of
Gartenhaus-Schwartz [18] as delineated in Ref. [35] (see Refs. [24,35,18] for the N=2 case).
Let us finally consider the non-relativistic limit of the Lagrangian of Eq.(2.21) 31
LD = −
N∑
i=1
mi
√
1− (~˙ηi(τ) + ~λ(τ))2 7→c→∞
N∑
i=1
mi + LDnr,
LDnr(t) =
N∑
i=1
mi
2
(~˙ηi +
~λ)2(t), SDnr =
∫
dtLDnr(t),
~κi(τ) 7→c→∞~k′i(t) +O(c−2),
~κ
′
i(t) =
∂LDnr(t)
∂~˙ηi(t)
= mi(~˙ηi +
~λ)(t),
~πλ(t) =
∂LDnr(t)
∂~˙λ(t)
= 0,
Hc,nr = ~πλ · ~˙λ+
N∑
i=1
~κ
′
i · ~˙ηi − LDnr =
N∑
i=1
~κ
′ 2
i
2mi
− ~λ · ~κ′+, ~κ
′
+ =
N∑
i=1
~κ
′
i,
HDnr =
N∑
i=1
~κ
′ 2
i (t)
2mi
− ~λ(t) · ~κ′+(t) + ~µ(t) · ~πλ(t),
~˙πλ(t)
◦
= ~κ
′
+ ≈ 0, (non− relativistic rest frame). (3.8)
The Lagrangian LDnr has been used in Ref. [2] [see its Eq.(2.1)] to describe the relative
motions in the non-relativistic rest frame. In the non-relativistic limit ~q+ tends the the
non-relativistic center of mass ~qnr =
∑N
i=1
mi~ηi∑N
i=1
mi
.
In conclusion, the non-relativistic Abelian translation symmetry generating the non-
relativistic Noether constants ~P = const. is splitted at the relativistic level into the two
following symmetries: i) the external Abelian translation symmetry whose Noether con-
stants of motion are ~ps = ǫs~ks ≈ Msys~ks = const. (its conjugate variable is the external
3-center of mass ~zs); ii) the internal Abelian gauge symmetry generating the three first class
constraints ~κ+ ≈ 0 (the rest-frame conditions) inside the Wigner hyperplane (its conju-
gate gauge variable is the internal 3-center of mass ~q+ ≈ ~R+ ≈ ~y+), whose non-relativistic
counterpart would be the non-relativistic rest-frame conditions ~P ≈ 0.
31Here τ = t, with t the absolute Newton time; for the sake of simplicity we shall use the same
notation for functions of τ and t; having c = 1 the non-relativistic limit c → ∞ is done by
considering velocities << 1 and momenta << m.
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IV. THE EXTERNAL CENTER-OF-MASS VARIABLES ON THE WIGNER
HYPERPLANE.
Let us study now the localization on the Wigner hyperplane of the external center-of-
mass variables. Let us remember [7] that the external canonical non-covariant point of
coordinates
x˜µs (τ) = (x˜
o
s(τ); ~˜xs(τ)) = z
µ(τ, ~˜σ) = xµs (τ)−
1
ǫs(pos + ǫs)
[
psνS
νµ
s + ǫs(S
oµ
s − Soνs
psνp
µ
s
ǫ2s
)
]
,
(4.1)
lies in the Wigner hyperplane zµ(τ, ~σ) = xµs (τ) + ǫ
µ
r (u(ps))σ
r at some 3-position σ˜r, like the
true coordinate origin xµs (τ) = z
µ(τ,~0), because ps · x˜s = ps · xs, see Ref. [7].
Like in Eqs.(3.1), (3.3) and (3.5) one can build [24] three external 3-variables, the canon-
ical ~qs, the Moller ~Rs and the Fokker-Pryce ~Ys by using the rest-frame realization of the
Poincare´ algebra given in Eqs.(2.14)
~Rs = − 1
pos
~Ks = (~˜xs − ~ps
pos
x˜os)−
~¯Ss × ~ps
pos(p
o
s + ǫs)
,
~qs = ~˜xs − ~ps
pos
x˜os =
~zs
ǫs
= ~Rs +
~¯Ss × ~ps
pos(p
o
s + ǫs)
=
pos ~Rs + ǫs~Ys
pos + ǫs
,
~Ys = ~qs +
~¯Ss × ~ps
ǫs(pos + ǫs)
= ~Rs +
~¯Ss × ~ps
posǫs
,
{Rrs, Rss} = −
1
(pos)
2
ǫrsuΩus ,
~Ωs = ~Js − ~Rs × ~ps,
{qrs , qss} = 0,
{Y rs , Y ss } =
1
ǫspos
ǫrsu
[
S¯us +
~¯Ss · ~ps pus
ǫs(pos + ǫs)
]
,
~ps · ~qs = ~ps · ~Rs = ~ps · ~Ys = ~ks · ~zs,
~ps = 0⇒ ~qs = ~Ys = ~Rs, (4.2)
with the same velocity and coinciding in the Lorentz rest frame where
◦
p
µ
s = ǫs(1;~0)
We can now try to construct the following three external 4-positions (all located on the
Wigner hyperplane):
i) the external canonical non-covariant 4-center of mass x˜µs ;
ii) the external non-canonical and non-covariant Møller 4-center of energy Rµs ;
iii) the external covariant non-canonical Fokker-Pryce 4-center of inertia Y µs
32.
32When there are the gauge fixings ~q+ ≈ 0 it will be shown that it also coincides with the origin
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In Ref. [24] in a one-time framework without constraints and at a fixed time, it is shown
that the 3-vector ~Ys (but not ~qs and ~Rs) satisfies the condition {Krs , Y ss } = 1c2Y rs {Y ss , pos} for
being the space component of a 4-vector Y µs . In the enlarged canonical treatment including
time variables, it is not clear which are the time components to be added to ~qs, ~Rs, ~Ys, to
rebuild 4-dimensional quantities x˜µs , R
µ
s , Y
µ
s , in an arbitrary Lorentz frame Γ, in which the
origin of the Wigner hyperplane is the 4-vector xµs = (x
o
s; ~xs). We have from Eq.(2.10)
x˜µs (τ) = (x˜
o
s(τ); ~˜xs(τ)) = x
µ
s −
1
ǫs(pos + ǫs)
[
psνS
νµ
s + ǫs(S
oµ
s − Soνs
psνp
µ
s
ǫ2s
)
]
, pµs ,
x˜os =
√
1 + ~k2s(Ts +
~ks · ~zs
ǫs
) =
√
1 + ~k2s(Ts +
~ks · ~qs) 6= x0s, pos = ǫs
√
1 + ~k2s ,
~˜xs =
~zs
ǫs
+ (Ts +
~ks · ~zs
ǫs
)~ks = ~qs + (Ts + ~ks · ~qs)~ks, ~ps = ǫs~ks. (4.3)
for the non-covariant (frame-dependent) canonical 4-center of mass and its conjugate mo-
mentum.
Each Wigner hyperplane intersects the worldline of the arbitrary origin 4-vector xµs (τ) =
zµ(τ,~0) in ~σ = 0, the pseudo worldline of x˜µs (τ) = z
µ(τ, ~˜σ) in some ~˜σ and the worldline of the
Fokker-Pryce 4-vector Y µs (τ) = z
µ(τ, ~σY ) in some ~σY ; one also has R
µ
s = z
µ(τ, ~σR). Since we
have Ts = u(ps) ·xs = u(ps) · x˜s ≡ τ on the Wigner hyperplane labelled by τ , we require that
also Y µs , R
µ
s have time components such that they too satisfy u(ps) ·Ys = u(ps) ·Rs = Ts ≡ τ .
Therefore, it is reasonable to assume that x˜µs , Y
µ
s and R
µ
s satisfy the following equations
consistently with Eqs.(4.2), (4.3)
x˜µs = (x˜
o
s; ~˜xs) = (x˜
o
s; ~qs +
~ps
pos
x˜os) =
= (x˜os;
~zs
ǫs
+ (Ts +
~ks · ~zs
ǫs
)~ks) = x
µ
s + ǫ
µ
u(u(ps))σ˜
u,
Y µs = (x˜
o
s; ~Ys) =
= (x˜os;
1
ǫs
[~zs +
~¯Ss × ~ps
ǫs[1 + uo(ps)]
] + (Ts +
~ks · ~zs
ǫs
)~ks ) =
= x˜µs + η
µ
r
(~¯Ss × ~ps)r
ǫs[1 + uo(ps)]
=
= xµs + ǫ
µ
u(u(ps))σ
u
Y ,
Rµs = (x˜
o
s;
~Rs) =
= (x˜os;
1
ǫs
[~zs −
~¯Ss × ~ps
ǫsuo(ps)[1 + uo(ps)]
] + (Ts +
~ks · ~zs
ǫs
)~ks ) =
xµs .
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= x˜µs − ηµr
(~¯Ss × ~ps)r
ǫsuo(ps)[1 + uo(ps)]
=
= xµs + ǫ
µ
u(u(ps))σ
u
R,
Ts = u(ps) · xs = u(ps) · x˜s = u(ps) · Ys = u(ps) · Rs,
σ˜r = ǫrµ(u(ps))[x
µ
s − x˜µs ] =
ǫrµ(u(ps))[uν(ps)S
νµ
s + S
oµ
s ]
[1 + uo(ps)]
=
= −S¯τrs +
S¯rss p
s
s
ǫs[1 + uo(ps)]
= ǫsR
r
+ +
S¯rss u
s(ps)
1 + uo(ps)
≈
~q+≈0≈ ǫsqr+ +
S¯rss u
s(ps)
1 + uo(ps)
≈ S¯
rs
s u
s(ps)
1 + uo(ps)
,
σrY = ǫrµ(u(ps))[x
µ
s − Y µs ] = σ˜r − ǫru(u(ps))
(~¯Ss × ~ps)u
ǫs[1 + uo(ps)]
=
= σ˜r +
S¯rss u
s(ps)
1 + uo(ps)
= ǫsR
r
+ ≈ ǫsqr+
~q+≈0≈ 0,
⇒ x(~q+)µs (τ) = Y µs , when ~q+ ≈ 0,
σrR = ǫrµ(u(ps))[x
µ
s −Rµs ] = σ˜r + ǫru(u(ps))
(~¯Ss × ~ps)u
ǫsuo(ps)[1 + uo(ps)]
=
= σ˜r − S¯
rs
s u
s(ps)
uo(ps)[1 + uo(ps)]
= ǫsR
r
+ +
[1− uo(ps)]S¯rss us(ps)
uo(ps)[1 + uo(ps)]
≈
~q+≈0≈ [1− u
o(ps)]S¯
rs
s u
s(ps)
uo(ps)[1 + uo(ps)]
. (4.4)
Therefore, the external Fokker-Pryce non-canonical center of inertia coincides with the origin
x(~q+)µs (τ) carrying the internal center of mass.
Let us remember also that the origin xµs (τ) corresponds to the unique special relativistic
center-of-mass-like worldline of Refs. [36].
In each Lorentz frame one has different pseudo-worldlines describing Rµs and x˜
µ
s : the
4-canonical center of mass x˜µs lies in between Y
µ
s and R
µ
s in every frame. If, in an arbitrary
Lorentz frame, we consider the worldline Y µs of the covariant non-canonical Fokker-Pryce
4-center of inertia, the representation in this frame of all the pseudo-worldlines associated
with x˜µs and R
µ
s fill a worldtube [13] around Y
µ
s whose invariant radius is ρ =
√−ǫW 2/p2 =
|~S|/√ǫp2 (W 2 = −ǫp2~S2 is the Pauli-Lubanski Casimir when ǫp2 > 0). This is the classical
intrinsic radius of the worldtube, in which the non-covariance effects (the pseudo-worldlines)
of the canonical 4-center of mass x˜µs are located. See Ref. [29] for a discussion of the properties
of theMøller radius. At the quantum level ρ becomes the Compton wavelength of the isolated
system multiplied its spin eigenvalue
√
s(s+ 1) , ρ 7→ ρˆ =
√
s(s+ 1)h¯/M =
√
s(s+ 1)λM
with M =
√
ǫp2 the invariant mass and λM = h¯/M its Compton wavelength. Therefore,
the criticism to classical relativistic physics, based on quantum pair production, concerns
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the testing of distances where, due to the Lorentz signature of spacetime, one has intrinsic
classical covariance problems: it is impossible to localize the canonical 4-center of mass x˜µs
adapted to the first class constraints of the system (also named Pryce center of mass and
having the same covariance of the Newton-Wigner position operator) in a frame independent
way.
Let us remember [7] that ρ is also a remnant of the energy conditions of general relativity
in flat Minkowski spacetime: since the Møller non-canonical, non-covariant 4-center of energy
Rµ has its non-covariance (its pseudo-worldlines) localized inside the same worldtube with
radius ρ (actually the latter was discovered in this way) [13], it turns out that for an extended
relativistic system with the material radius smaller of its intrinsic radius ρ one has: i) its
peripheral rotation velocity can exceed the velocity of light; ii) its classical energy density
cannot be positive definite everywhere in every frame.
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V. THE INTERNAL RELATIVE VARIABLES FROM THE
GARTENHAUS-SCHWARTZ TRANSFORMATION.
Given ~ηi, ~κi, we must now find the canonical basis ~q+, ~κ+, ~ρqa, ~πqa of Eq.(3.7).
We shall use the classical analog of the Gartenhaus-Schwartz singular transformation
[18] following the scheme used in Ref. [35] to find the center-of-mass subspace of phase space
defined by ~κ+ = 0
33
U(α) = eα{.,~q+·~κ+},
~q+ · ~κ+ = − |~κ+|∑N
k=1
√
m2k + ~κ
2
k
~n+ · ~K, ~n+ = ~κ+|~κ+| ,
~K = −
N∑
i=1
√
m2i + ~κ
2
i~ηi,
~κ+(α) = U(α)~κ+ = e
−α~κ+→α→∞ 0,
~q+(α) = U(α)~q+ = e
α~q+→α→∞∞,
U(−α)~q+ = e−α~q+→α→∞ 0,
⇒ ~κ+(α) · ~q+(α) = ~κ+ · ~q+, ~n+(α) = ~n+. (5.1)
Therefore, limα→∞U(α) can only be applied to the set of functions on phase space
which have vanishing Poisson bracket with ~κ+, namely to ~κi [or ~πa =
1√
N
∑N
i=1 γai~κi] and to
~ρa =
√
N
∑N
i=1 γai~ηi of Eq.(2.16).
Since, for finite α, U(α) is a canonical transformation, the Poisson brackets are preserved
[{f(α), g(α)} = U(α){f, g}] even in the limit α→∞.
Let f = f(~ηi, ~κi) have zero Poisson bracket with ~κ+, {f,~κ+} = 0, and let be f(α) =
U(α)f . Then, we have
{~κ+, f(α)} = eα{~κ+(α), f(α)} = eα
(
U(α){~κ+, f}
)
= 0. (5.2)
Moreover, since the Jacobi identity {~κ+, {~q+, f}} + {f, {~κ+, ~q+}} + {~q+, {f,~κ+}} ≡ 0
implies {~κ+, {~q+, f}} ≡ 0 [namely also {~q+, f} has zero Poisson bracket with ~κ+ if {f,~κ+} =
0, so that U(α){~q+, f} has a well defined limit for α→∞] one also has
{~q+, f(α)} = e−α{~q+(α), f(α)} = e−α
(
U(α){~q+, f}
)
→α→∞ 0. (5.3)
Moreover, we have
df(α)
dα
= {f(α), ~κ+ · ~q+} = {f(α), ~κ+(α) · ~q+(α)}. (5.4)
Therefore, the relative variables ~πa =
1√
N
∑N
i=1 γai~κi and ~ρa =
√
N
∑N
i=1 γai~ηi, which
commute with ~κ+ [see Eq.(2.16)], satisfy
33The singular limit α→∞ is very similar to a contraction of a Lie algebra.
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~πa(α) = U(α)~πa→α→∞ ~πa(∞) def= ~πqa,
~ρa(α) = U(α)~ρa→α→∞ ~ρa(∞) def= ~ρqa, (5.5)
with ~ρqa, ~πqa, pairs of canonical variables having zero Poisson bracket with ~q+, ~κ+.
In this way one gets the searched canonical transformation (3.7).
Let us first evaluate ~πqa following the scheme of Ref. [35]. From Eq.(5.4) we get
d~κi(α)
dα
= {~κi(α), ~κ+(α) · ~q+(α)} = − ~κ+(α)
HM (α)
Hi(α), (5.6)
with the notations
Msys = HM =
N∑
i=1
Hi, HM(α) =
N∑
i=1
Hi(α)→α→∞HM(∞) def= H(rel),
Hi =
√
m2i + ~κ
2
i , Hi(α) =
√
m2i + ~κ
2
i (α)→α→∞Hi(∞) def= H(rel)i,
Π = H2M − ~κ2+ ≈ H2M . (5.7)
From m2i = H
2
i (α)− ~κ2i (α), we get
dHi(α)
dα
Hi(α) =
d~κi(α)
dα
· ~κi(α),
⇒ dHi(α)
dα
= −~κi(α) · ~κi(α)
HM(α)
,
⇒ dHM(α)
dα
=
N∑
i=1
dHi(α)
dα
= − ~κ
2
+(α)
HM(α)
,
⇒ Π = H2M − ~κ2+ = H2M(α)− ~κ2+(α)→α→∞H2M(∞) = H2(rel),
or
dΠ
dα
= 0. (5.8)
Let us now introduce θ(α) such that [ch2 θ(α)− sh2 θ(α) = 1 also for α→∞]
sh θ(α) =
|~κ+|HM(α)− |~κ+(α)|HM
Π
→α→∞ |~κ+|√
Π
,
ch θ(α) =
HMHM(α)− |~κ+||~κ+(α)|
Π
→α→∞ HM√
Π
,
θ(α) = tanh−1
|~κ+|
HM
− tanh−1 |~κ+(α)|
HM(α)
→α→0 0, →α→∞ tanh−1 |~κ+|
HM
. (5.9)
Since we have
dθ(α)
dα
=
|~κ+(α)|
HM(α)
,
d~n+(α)
dα
= 0 ⇒ ~n+(α) = ~n+, (5.10)
we arrive at the coupled equations
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d~κi(α)
dθ
= −Hi(α)~n+,
dHi(α)
dθ
= −~κi(α) · ~n+, (5.11)
whose integration gives
~κi(α) = ~κi +
(
[ch θ(α)− 1]~n+ · ~κi − sh θ(α)Hi
)
~n+
→α→∞ ~κi(∞) = ~κi +
[
(
HM√
Π
− 1)~n+ · ~κi − |~κ+|√
Π
Hi
]
~n+ ≈ ~κi,
Hi(α) =
√
m2i + ~κ
2
i (α) = ch θ(α)Hi − sh θ(α)~n+ · ~κi
→α→∞ Hi(∞) =
√
m2i + ~κ
2
i (∞) =
1√
Π
(HMHi − ~κ+ · ~κi) ≈ Hi,
⇒ Hi =
√
m2i + ~κ
2
i = Hi(α)ch θ(α) + ~n+ · ~κi(α)sh θ(α) =
=
1√
Π
[Hi(∞)HM + ~n+ · ~κi(∞)|~κ+| ≈ Hi(∞),
with
N∑
i=1
Hi(∞) = HM(∞) =
√
Π
def
= H(rel),
~κi = ~κi(α) + [ch θ(α)− 1]~n+ · ~κi(α)~n+ + sh θ(α)Hi(α). (5.12)
Therefore, we get
~πa(α) =
1√
N
N∑
i=1
γai~κi(α),
~πqa
def
= ~πa(∞) = 1√
N
N∑
i=1
~κi(∞) =
= ~πa +
~n+√
Π
[(HM −
√
Π)~n+ · ~πa − |~κ+|Ha] =
= ~πa − ~κ+√
H2M − ~κ2+
[Ha −
HM −
√
H2M − ~κ2+
~κ2+
~κ+ · ~πa] ≈ ~πa,
Ha =
1√
N
N∑
i=1
γaiHi,
~κi(∞) =
√
N
N−1∑
a=1
γai~πqa,
H(rel)i = Hi(∞) =
√√√√m2i +N
1..N−1∑
ab
γaiγbi~πqa · ~πqb,
Msys = HM =
N∑
i=1
Hi =
√
Π+ ~κ2+ ≈ H(rel) = HM(∞) =
√
Π =
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=
N∑
i=1
Hi(∞) =
N∑
i=1
√√√√m2i +N
1..N−1∑
ab
γaiγbi~πqa · ~πqb. (5.13)
Let us now evaluate ~ρqa.
Let us first remark that the following two quantities are invariant under the canonical
transformation U(α):
I
(1)
i = HMHi − ~κ+ · ~κi = HM(α)Hi(α)− ~κ+(α) · ~κi(α),
⇒ dI
(1)
i
dα
= 0,
I(2) =
~κ+ · ~K
HM
= −
N∑
i=1
|~κ+|(~n+ · ~ηiHi
HM
) =
~κ+(α) · ~K(α)
HM(α)
,
⇒ dI
(2)
dα
= 0, (5.14)
and that we have
1
HM(α)|~κ+(α)| =
dJ (1)(α)
dα
, with J (1)(α) =
sh θ(α)
|~κ+(α)||~κ+| ,
~κi(α)
H2i (α)
=
d ~J
(2)
i (α)
dθ(α)
, with ~J
(2)
i (α) =
~κi(α)sh θ(α)
HiHi(α)
+ (ch θ(α)− 1)~n+
Hi
. (5.15)
Since we have also
nr+
∂
∂κri
ns+ =
nr+
|~κ+|(δ
rs − nr+ns+) = 0, (5.16)
we get preliminarly, for ~n+ · ~ηi(α)
d
dα
~n+ · ~ηi(α) = {~n+ · ~ηi(α), ~κ+(α) · ~q+(α)} =
= −nr+
∂
∂kri (α)
~n+ · ~K(α)|~κ+(α)|
HM(α)
= −nr+ns+
∂
∂kri (α)
|~κ+(α)|Ks(α)
HM(α)
. (5.17)
Then, since
nr+
∂
∂kri (α)
|~κ+(α)|
HM (α)
=
I
(1)
i
H2M(α)Hi(α)
,
∂
∂kri (α)
Ks(α) = −k
r
i (α)η
s
i (α)
Hi(α)
, (5.18)
we get
d
dα
~n+ · ~ηi(α) = − I
(2)I
(1)
i
HM(α)Hi(α)|~κ+(α)| +
~n+ · ~ηi(α)~n+ · ~κi(α)
Hi(α)
|~κ+(α)|
HM(α)
=
= −~n+ · ~ηi(α)
Hi(α)
dHi(α)
dα
− I
(1)
i I
(2)
Hi(α)
dJ (1)(α)
dα
. (5.19)
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These equations have the solution
~n+ · ~ηi(α) = Hi
Hi(α)
~n+ · ~ηi − I
(1)
i I
(2)
Hi(α)
sh θ(α)
|~κ+(α)||~κ+| =
=
Hi
Hi(α)
~n+ · ~ηi − I
(2)
|~κ+|(e
α − Hi
Hi(α)
). (5.20)
For ~ηi(α) we have
dηri (α)
dα
= {ηri (α), ~κ+(α) · ~q+(α)} = −ns+
∂
∂kri (α)
|~κ+(α)|Ks(α)
HM(α)
=
= ~n+ · ~ηi(α) |~κ+(α)|k
r
i (α)
Hi(α)HM(α)
+
+
∑N
j=1Hj(α)~n+ · ~ηj(α)
HM(α)
[ |~κ+(α)|kri (α)
Hi(α)HM(α)
− nr+
]
. (5.21)
By putting Eqs.(5.20) in Eq.(5.21) we get the equations determining ~ηi(α).
Instead of integrating these equations, let us study the equations for ~ρa(α) =√
N
∑N
i=1 γai~ηi(α), since for interactions depending on ~ηi − ~ηj we have ~ηi(α) − ~ηj(α) =
1√
N
∑N−1
a=1 (γai − γaj)~ρa(α). Eqs.(5.21) and (5.20) imply
d~ρa(α)
dα
= −
N∑
i,j=1
N−1∑
b=1
~n+ · ~ρbHiHj
HM
γaj(γbi − γbj)
~kj(α)|~κ+(α)|
H2j (α)HM(α)
,
⇓
d~ρa(α)
dθ(α)
= −
N∑
i,j=1
N−1∑
b=1
~n+ · ~ρbHiHj
HM
γaj(γbi − γbj)
d ~J
(2)
j (α)
dθ(α)
, (5.22)
whose solution is
~ρa(α) = ~ρa −
N∑
i,j=1
N−1∑
b=1
~n+ · ~ρbHiHj
HM
γaj(γbi − γbj) ~J (2)j (α). (5.23)
Foe α→∞ we get
~ρqa
def
= ~ρa(∞) = ~ρa −
−
N∑
i,j=1
N−1∑
b=1
γaj(γbi − γbj) Hi
HM
[ |~κ+|~κj(∞)
Hj(∞)
√
Π
+ (
HM√
Π
− 1)~n+
]
~n+ · ~ρb =
= ~ρa −
N∑
i,j=1
N−1∑
b=1
γaj(γbi − γbj) Hi
HM
~κj(∞)
Hj(∞)
√
Π
~κ+ · ~ρb ≈ ~ρa. (5.24)
One can check that for N=2 and γ1 = −γ2 = 1/
√
2 one reobtains the results of Ref. [35].
Let us now consider the spin vector ~Sq =
~¯Ss− ~q+×~κ+ = [~η+− ~q+]×~κ++∑N−1a=1 ~ρa×~πa.
For arbitrary α we have ~Sq(α) =
∑N−1
a=1 ~ρa(α)× ~πa(α) + [~η+(α)− ~q+(α)]× ~κ+(α) and, since
~q+(α) · ~κ+(α) is a scalar, {~Sq(α), ~q+(α) · ~κ+(α)} = 0. Since limα→∞ ~κ+(α) = 0, we get
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~Sq(α) →α→∞ ~Sq =
N−1∑
a=1
~ρqa × ~πqa, (5.25)
if we can show that ~η+(α)− ~q+(α)→α→∞ finite value. But, since the boost generator may
be written as
~K(α) = −
N∑
i=1
~ηi(α)Hi(α) = −~η+(α)HM(α) +
N−1∑
a=1
~ρa(α)Ha(α),
Ha(α) =
1√
N
N∑
i=1
γaiHi(α), (5.26)
we get
~η+(α)− ~q+(α) =
∑N
a=1 ~ρa(α)Ha(α)
HM(α)
+
~κ+(α)×
(∑N−1
a=1 ~ρa(α)× ~πa(α)
)
√
Π(
√
Π +HM)
+
+
~κ+(α)×
(
~κ+(α)×∑N−1a=1 ~ρa(α)Ha(α))
HM(α)
√
Π(
√
Π+HM)
→α→∞
→α→∞ 1√
Π
N∑
a=1
~ρa(∞)Ha(∞) =
=
1√
Π
N−1∑
a=1
~ρqa
1√
N
N∑
i=1
γai
√√√√m2i +N
1..N−1∑
ab
γaiγbi~πqa · ~πqb,
⇓
~q+ = ~η+ − 1√
N
∑N−1
a=1 ~ρa√
(
∑N
i=1
√
m2i + ~κ
2
i )
2 − ~κ2+
N∑
i=1
γai
√
m2i + ~κ
2
i +
+ (terms→α→∞ 0, i.e. ≈ 0 due to~κ+ ≈ 0), (5.27)
to be compared with Eq.(3.4).
In this way we have obtained the canonical transformation (3.7)
~ηi
~κi
−→ ~q+ ~ρqa
~κ+ ~πqa
(5.28)
even if it is not known how to get the inverse canonical transformation.
When we add the gauge fixings ~q+ ≈ 0 for ~κ+ ≈ 0 and we go to Dirac brackets, we get
~ρqa ≡ ~ρa, ~πqa ≡ ~πa, ~Sq =
N−1∑
a=1
~ρqa × ~πqa def=
N−1∑
a=1
~ρa × ~πa,
H(rel) =
√
Π = HM(∞) =
N∑
i=1
√√√√m2i +N
1..N−1∑
ab
γaiγbi~πqa · ~πqb ≡Msys = HM . (5.29)
See Appendix C for the case of spinning particles.
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VI. RELATIVISTIC ROTATIONAL KINEMATICS.
All the results of the previous Sections are needed to get the separation of the internal
center-of-mass degrees of freedom in the relativistic theory: this has been accomplished by
adding the gauge fixings ~q+ ≈ 0 to the rest-frame constraints ~κ+ ≈ 0 and by going to
Dirac brackets. We are left with the relative canonical variables ~ρqa ≡ ~ρa, ~πqa ≡ ~πa and the
Hamiltonian
H(rel) = HM(∞) =
N∑
i=1
√√√√m2i +N
1..N−1∑
ab
γaiγbi~πqa · ~πqb ≡ Msys, (6.1)
which replaces to the non-relativistic one Hrel,nr =
1
2
∑N−1
a,b=1 k
−1
ab [mi, γai] ~πqa · ~πqb of Eq.(2.9)
of Ref. [2] for c→∞.
Let us remark that in the Hamiltonian for the relative motions in the rest frame instant
form, each square root identifies a (N − 1) × (N − 1) matrix K−1(i)ab = Nγaiγbi = K−1(i)ba
34. The existence of relativistic normal Jacobi coordinates would require the simultaneous
diagonalization of these N matrices. But this is impossible because
[K−1(i) , K
−1
(j) ]ab = G(ij)ab = −G(ij)ba = −G(ji)ab, (6.2)
with G(ij)ab = −N [γaiγbj − γajγbi]. There are 12N(N − 1) matrices Gij , each one with 12(N −
1)(N−2) independent elements. Therefore, the conditions G(ij)ab = 0 are 14N(N−1)2(N−2)
conditions and we have only 1
2
(N − 1)(N − 2) free parameters in the γai 35.
Therefore, it is impossible to diagonalize simultaneously the N quadratic forms under
the square roots: there are no relativistic normal Jacobi coordinates and no definition of
reduced masses and tensors of inertia.
To find the analogue of Lrel,nr =
1
2
∑N−1
a,b=1 kab[mi, γai] ~˙ρa · ~˙ρb (Eq.(2.9) of Ref. [2]), we
should perform an inverse Legendre transformation. The first half of Hamilton equations
gives
ρ˙rqa
◦
= {ρrqa, H(rel)} =
N∑
i=1
Nγai
∑N−1
b=1 γbiπ
r
qb√
m2i +N
∑1..N−1
ab γaiγbi~πqa · ~πqb
,
⇓
~˙ρqa · ~˙ρqb =
1..N∑
i,j
Nγai
∑N−1
e=1 γei~πqe√
m2i +N
∑1..N−1
a1b1
γa1iγb1i~πqa1 · ~πqb1
· Nγbj
∑N−1
f=1 γfj~πqf√
m2j +N
∑1..N−1
a2b2
γa2jγb2j~πqa2 · ~πqb2
.
(6.3)
34At the non-relativistic level there is only one such matrix at the Hamiltonian level, i.e. k−1ab =∑N
i=1
1
mi
K−1(i)ab, see Eq.(2.9) of Ref. [2].
35For N=3, there are 3 conditions and only 1 parameter; for N=4, 18 conditions and 3 parameters.
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To get ~πqa·~πqb in terms of ~˙ρqa·~˙ρqb we should solve higher order algebraic equations. As already
pointed out, this implies that Lrel(~ρqa, ~˙ρqa) =
∑N−1
a=1 ~πqa · ~˙ρqa −H is a hyperelliptic function
already in the free case. This in turn means that, unlike the non-relativistic case, it is not
possible to define either an Euclidean or a Riemannian metric on the space of velocities from
the kinetic energy (see Ref. [2]). Therefore we cannot visualize the Lagrangian dynamics as
in the non-relativistic case. The form of the canonical momenta
πrqa =
∂Lrel
∂ρ˙rqa
=
N−1∑
b=1
fab(~˙ρqc · ~˙ρqd)ρ˙rqb, (6.4)
can only be given in implicit form.
Moreover, we cannot evaluate the restrictions on the relative velocities ~˙ρqa(τ) resulting
from the existence of the limiting light velocity c 36.
If we try to follow the non-relativistic pattern of the static orientation-shape bundle
approach (see Ref. [2]), we get37
ρrqa = R
rs(θα)ρˇsqa(q),
ρ˙rqa
def
= Rrs(θα)vˇsqa, ~vqa = ~ω × ~ρqa +
∂~ρqa
∂qµ
q˙µ,
ρ˙rqa
◦
= {ρrqa, Hrel},
πrqa =
N−1∑
b=1
fab(~˙ρqc · ~˙ρqd)ρ˙rqb = Rrs(θα)πˇsqa,
πˇrqa =
N−1∑
b=1
fab(~ˇvqc · ~ˇvqd)vˇrqb,
Srq = R
rs(θα)Sˇsq =
N−1∑
a=1
[~ρqa × ~πqa]r,
~Sq =
N−1∑
a=1
~ρqa × ~πqa =
=
1...N−1∑
ab
fab
[(
~ω × ~ρqc + ∂~ρqc
∂qµ
q˙µ
)
·
(
~ω × ~ρqd + ∂~ρqd
∂qµ
q˙µ
)]
~ρqa ×
(
~ω × ~ρqb + ∂~ρqb
∂qµ
q˙µ
)
,
Sˇrq =
1...N−1∑
ab
fab
[
Iˇuv(cd)(q)ωˇ
uωˇv + ~ω · (~ρqc × ∂~ρqd
∂qµ
+ ~ρqd × ∂~ρqc
∂qµ
)q˙µ +
∂~ρc
∂qµ
· ∂~ρd
∂qν
q˙µq˙ν
]
36For the absolute velocities ~˙ηi(τ) we have |~˙ηi(τ)| ≤ c = 1.
37The first line defines the body frame components ρˇrqa of the vectors ~ρqa in this approach (θ
α are
Euler angles). The body frame components of the relative velocities are the vˇrqa of the second line,
while those of the spin and of the angular velocity are Sˇrq and ωˇ
r respectively.
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[
Iˇrs(ab)(q)ωˇ
s + aˇr(ab)µ(q)q˙
µ
]
=
=
1...N−1∑
ab
fab
[
Iˇuv(cd)(q)
(
ωˇu + Aˇu(cd)µ(q)q˙
µ
)(
ωˇv + Aˇv(cd)ν(q)q˙
ν
)]
Iˇrs(ab)(q)
(
ωˇs + Aˇs(ab)µ(q)q˙
µ
)
,
Iˇrs(ab)(q) = ~ρqa · ~ρqbδrs −
1
2
(ρˇrqaρˇ
s
b + ρˇ
r
qbρˇ
s
qa),
Iˇrs(~ˇω, q,m) =
1..N−1∑
ab
fab(~vqc · ~vqd)Iˇrs(ab)(q),
aˇu(ab)µ(q) =
1
2
[
~ρqa × ∂~ρqb
∂qµ
+ ~ρqb × ∂~ρqa
∂qµ
]
udef= Iˇuv(ab)(q)Aˇ
v
(ab)µ(q),
aˇuµ(~ˇω, q,m) =
1..N−1∑
ab
fab(~vqc · ~vqd)aˇu(ab)µ(q) = Iˇuv(~ˇω, q,m)Aˇvµ(~ω, q,m). (6.5)
We see that there is no more a linear relation between the body frame spin and angular
velocity. By expanding fab(x) in a power series around x = 0, we get that Sˇ
r
q is an infinite
series with all the powers of the body frame angular velocity. The lowest term is Sˇrq(o) =∑N−1
a,b fab(0)Iˇ
rs
(ab)(q)
(
ωˇs + Aˇs(ab)µ(q)q˙
µ
)
with fab(0) playing the role of the non-relativistic kab
38.
Therefore, the tensor of inertia looses a clear identification: only its building blocks Iˇrs(ab),
existing also in the non-relativistic theory, appear in the relativistic construction.
The N=2 case with equal masses m1 = m2 = m is the only case in which we can evaluate
the relative Lagrangian. We get
Lrel(~ρ, ~˙ρ) = −m
√
4− ~˙ρ2. (6.6)
Therefore in this case the only existing relative velocity has the bound |~˙ρ| ≤ 2.
Let us write ~ρ = ρρˆ with ρ = |~ρ| and ρˆ = ~ρ|~ρ| . With only one relative variable the three
Euler angles θα are redundand: there are only two independent angles, those identifying the
position of the unit 3-vector ρˆ on S2. We shall use the following parametrization (Euler
angles θ1 = φ, θ2 = θ, θ3 = 0)
ρˆr = Rrs(θ, φ)ρˆso,
ρˆo = (0, 0, 1), (reference unit 3− vector),
Rrs(θ, φ) = Rz(θ)Ry(φ) =


cos θcos φ −sin φ sin θcos φ
cos θsin φ cos φ sin θsin φ
−sin θ 0 cos θ

 ,
⇓
38Recall that its diagonalization defines the Jacobi coordinates and the reduced masses.
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R˙rs =


−sin θcos φθ˙ −cos φφ˙ cos θcos φθ˙ − sin θsin φφ˙
−sin θsin φθ˙ + cos θcos φφ˙ −sin φφ˙ cos θsin φθ˙ + sin θcos φφ˙
−cos θθ˙ 0 −sin θθ˙

 ,
RT R˙ =


0 −cos θφ˙ θ˙
cos θφ˙ 0 sin θφ˙
−θ˙ −sin θφ˙ 0

 . (6.7)
Following the orientation-shape bundle approach, we get the following body frame ve-
locity and angular velocity (ρ is the only shape variable in this case)
vˇr = RT rsρ˙s = ρ(RT R˙)rsρˆso + ρ˙ρˆ
r
o = ρǫ
ru3ωˇu + ρ˙ρˆro =
= ρ(~ω × ρˆo)r + ρ˙ρˆro,
~ω = (ωˇ1 = −sin θφ˙, ωˇ2 = θ˙, 0),
~v2 = Iˇ(ρ)~ω2 + ρ˙2,
Iˇ(ρ) = ρ2. (6.8)
The non-relativistic inertia tensor of the dipole Iˇnr = µρ
2 39 is replaced by Iˇ = Iˇnr/µ = ρ
2.
The Lagrangian in anholonomic variables become
L˜(~ω, ρ, ρ˙) = −m
√
4− Iˇ(ρ)~ω2 − ρ˙2. (6.9)
It is clear that the bound |~˙ρ| ≤ 2 put upper bounds on the kinetic energy of both the
rotational and vibrational motions.
The canonical momenta are
~S =
∂L˜
∂~ω
=
mIˇ(ρ)~ω√
4− Iˇ(ρ)~ω2 − ρ˙2
,
π =
∂L˜
∂ρ˙
=
mρ˙√
4− Iˇ(ρ)~ω2 − ρ˙2
. (6.10)
The body frame spin is not linear in the body frame angular velocity (only approximately
for slow rotations). When |~˙ρ| varies between 0 and 2 the momenta vary between 0 and ∞,
namely in phase space there is no bound coming from the limiting light velocity. This shows
once more that in special relativity it is convenient to work in the Hamiltonian framework
avoiding relative and angular velocities.
Since we have
√
4− Iˇ(ρ)~ω2 − ρ˙2 = 2m√
m2+Iˇ−1(ρ)~S2+π2
, the inversion formulas are
39µ = m1m2m1+m2 is the reduced mass; see Ref. [2].
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~ω =
~S
mIˇ(ρ)
√
4− Iˇ(ρ)~ω2 − ρ˙2 = 2Iˇ
−1(ρ)~S√
m2 + Iˇ−1(ρ)~S2 + π2
,
ρ˙ =
π
m
√
4− Iˇ(ρ)~ω2 − ρ˙2 = 2π√
m2 + Iˇ−1(ρ)~S2 + π2
. (6.11)
On the other hand, the Hamiltonian becomes
H˜ = πρ˙+ ~S · ~ω − L˜ = 2
√
m2 + Iˇ−1(ρ)~S2 + π2. (6.12)
Therefore, this special case identifies the following point-canonical transformation fol-
lowed by a transformation to an anholonomic basis like in the non-relativistic framework
~ρ
~πq
−→ θ φ ρ
πθ πφ π
non can.−→ θ φ ρ
Sˇ1 Sˇ2 π
ρr = ρRrs(θ, φ)ρˆso = ρ(sin θcos φ, sin θsin φ, cos θ),
πrq = R
rs(θ, φ)πˇsq = R
rs(θ, φ)
mvˇs√
4− ~v2 = R
rs(θ, φ)
m[ρ~ω × ρˆo + ρ˙ρˆo]s√
4− Iˇ(ρ)~ω2 − ρ˙2
=
= Rrs(θ, φ)
[
ρIˇ−1(ρ)~S × ρˆo + πρˆo
]
s. (6.13)
In conclusion, due to the absence of a workable Lagrangian approach, we are forced
to try to define everything at the Hamiltonian level. In order to get an extension of this
results for arbitrary N, we will abandon the static orientation-shape bundle approach and
we shall investigate the canonical spin bases as in the non-relativistic case of Ref. [2]. In this
approach we have to guess in some way a set of non-point canonical transformations from
the canonical variables ~ρqa, ~πqa to a basis which generalizes the previous result for the N=2
equal mass case.
The non-relativistic non-Abelian rotational symmetry generating the Noether constants
of motion ~S = constant is replaced by the internal non-Abelian rotational symmetry gener-
ating the constants of motion ~Sq inside the Wigner hyperplane with the rest-frame conditions
~κ+ ≈ 0.
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VII. CANONICAL SPIN BASES
In this Section we show that the construction of the canonical spin bases with the asso-
ciated spin frame and evolving dynamical body frames in the relativistic case starting from
the relative canonical variables ~ρqa, ~πqa, a = 1, .., N − 1, is identical to that proposed in
Ref. [2] for the non-relativistic case. This happens because the total conserved rest-frame
spin is ~Sq =
∑N−1
a=1 ~ρqa × ~πqa =
∑N−1
a=1
~Sqa like in the non-relativistic case and because the
construction is based only on the possible spin clusterings which can be obtained from the
individual ~Sqa. Only the Hamiltonian for relative motions is different.
We shall sketch the construction for N = 2, N = 3 and N ≥ 4 by referring to Ref. [2]
for the relevant calculations.
A. 2-Body Systems.
Let us start from the case N=2, i = 1, 2
~ηi
~κi
−→ ~q+ ~ρq
~κ+ ~πq
(7.1)
After the elimination of the internal center-of-mass degrees of freedom with the gauge
fixings ~q+ ≈ 0, the rest-frame dynamics of the relative motions is governed by the Hamilto-
nian
H(rel) =
√
m21 + ~π
2
q +
√
m22 + ~π
2
q ≡Msys. (7.2)
The spin is ~Sq = ~ρq × ~πq [Sq =
√
~S2q ]. Let us define the following decomposition (the
notation Rˆ for the unit vector ρˆq is used for comparison with Ref. [30])
~ρq = ρqRˆ, ρq =
√
~ρ2q , Rˆ =
~ρq
ρq
= ρˆq, Rˆ
2 = 1,
~πq = π˜qRˆ− Sq
ρq
Rˆ× Sˆq = π˜qρˆq − Sq
ρq
ρˆq × Sˆq,
π˜q = ~πq · Rˆ = ~πq · ρˆq, Sˆq =
~Sq
Sq
, Sˆq · Rˆ = 0. (7.3)
The spin frame of R3 is given by Sˆq, Rˆ, Rˆ × Sˆq with {Siq, Sjq} = ǫijkSkq , {Rˆi, Rˆj} = 0,
{Rˆi, Sjq} = ǫijkRˆk. The vectors ~Sq and Rˆ are the generators of an E(3) group containing
SO(3) as a subgroup.
Let us consider the following canonical transformation adapted to the spin
~ρq
~πq
−→ α β ρq
Sq S
3
q π˜q
(7.4)
where
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α = tg−1
1
Sq
(
~ρq · ~πq − (ρq)
2
ρ3q
π3q
)
,
β = tg−1
S2q
S1q
, sin β =
S2q√
(Sq)2 − (S3q )2
, cos β =
S1q√
(Sq)2 − (S3q )2
. (7.5)
We have
S1q =
√
(Sq)2 − (S3q )2cos β,
S2q =
√
(Sq)2 − (S3q )2sin β,
S3q , (7.6)
Rˆ1 = ρˆ1q = sin θcos ϕ = sin βsin α−
S3q
Sq
cos βcos α,
Rˆ2 = ρˆ2q = sin θsinϕ = −cos βsin α−
S3q
Sq
sin βcos α,
Rˆ3 = ρˆ3q = cos θ =
1
Sq
√
(Sq)2 − (S3q )2cos α,
(Sˆq × Rˆ)1 = Sˆ2q Rˆ3 − Sˆ3q Rˆ2 = sin βcos α+
S3q
Sq
cos βsin α,
(Sˆq × Rˆ)2 = Sˆ3q Rˆ1 − Sˆ1q Rˆ3 = −cos βcos α+
S3q
Sq
sin βsin α,
(Sˆq × Rˆ)3 = −Sˆ1q Rˆ2 − Sˆ2q Rˆ1 =
1
Sq
√
(Sq)2 − (S3q )2sin α. (7.7)
Then we have the following inverse canonical transformation
~ρq = ρqRˆ(α, β, Sq, S
3
q ),
~πq = π˜qRˆ(α, β, Sq, S
3
q )−
Sq
ρq
Rˆ(α, β, Sq, S
3
q )× Sˆq(β, Sq, S3q ),
⇒ ~π2q = π˜2q +
S2q
ρ2q
,
Sˆq × Rˆ(α) = ∂Rˆ(α)
∂α
= Rˆ(α +
π
2
),
⇒ α = −tg−1 (Sˆq × Rˆ)
3
[Sˆq × (Sˆq × Rˆ)]3
. (7.8)
From the last line of this equation we see that the angle α can be expressed in terms of
Sˆq and Rˆ.
The conjugate variables ρq, π˜q can be called dynamical shape variables : they describe
the vibration of the dipole.
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Then the rest-frame Hamiltonian for the relative motion becomes
H(rel) = HM(∞) =
√
m21 + ~π
2
q +
√
m22 + ~π
2
q =
=
√
m21 +
1
Iˇ
(Sq)2 + π˜2q +
√
m22 +
1
Iˇ
(Sq)2 + π˜2q ,
⇒ ωˇ ◦= ∂H(rel)
∂Sq
=
Sq
Iˇ
( 1√
m21 +
1
Iˇ
(Sq)2 + π˜2q
+
1√
m22 +
1
Iˇ
(Sq)2 + π˜2q
)
,
ρ˙q
◦
=
∂H(rel)
∂π˜q
= π˜q
( 1√
m21 +
1
Iˇ
(Sq)2 + π˜2q
+
1√
m22 +
1
Iˇ
(Sq)2 + π˜2q
)
,
π˜q|ρ˙q=0 = 0,
H
(S)
(rel) = H(rel)|ρ˙q=0 =
√
m21 +
1
Iˇ
(Sq)2 +
√
m22 +
1
Iˇ
(Sq)2,
H
(S=0)
(rel) = H(rel)|Sq=0 =
√
m21 + π˜
2
q +
√
m22 + π˜
2
q . (7.9)
where Iˇ = ρ2q = Iˇnr/µ is the non-relativistic baricentric inertia tensor Iˇnr of the dipole
divided by the reduced mass µ = m1m2
m1+m2
. The quantities H
(S)
(rel) and H
(S=0)
(rel) are the purely
rotational and purely vibrational Hamiltonians, respectively.
For equal masses we get formally the same results of the previous Section but in a
different canonical basis, if we make the identifications π = π˜q, ρ = ρq and Rˆ
r = Rrs(θ, φ)ρˆso.
Only after a non-point transformation α, Sq, β, S
3
q 7→ θ, πθ, φ, πφ [i.e. from Eq.(7.7) to
Eq.(7.4)], Eqs.(7.11) become Eqs.(6.13).
B. 3-Body Systems.
In the case N=3 the range of the indices is i = 1, 2, 3, a = 1, 2. The spin is ~Sq =∑2
a=1 ~ρqa × ~πqa =
∑2
a=1
~Sqa after the canonical transformation which separates the internal
center of mass
~ηi
~κi
−→ ~q+ ~ρqa
~κ+ ~πqa
(7.10)
After the gauge fixings ~q+ ≈ 0, the relative motions in the rest-frame instant form are
governed by the Hamiltonian
H(rel) = HM(∞) =
3∑
i=1
√√√√√m2i + 3
2∑
a,b=1
γaiγbi~πqa · ~πqb ≡Msys. (7.11)
We shall assume ~Sq 6= 0, because the exceptional SO(3) orbit Sq = 0 has to be studied
separately. This is done by adding Sq ≈ 0 as a first class constraint and studying separately
the following three disjoint strata (they have a different number of first class constraints):
a) ~Sq ≈ 0, but ~Sq1 = −~Sq2 6= 0; b) ~Sqa ≈ 0, a = 1, 2 (in this case we have ~ρqa − ka~πqa ≈ 0).
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For each value of a = 1, 2, we can consider the canonical transformation (7.7)
~ρqa
~πqa
−→ αa βa ρqa
Sqa S
3
qa π˜qa
(7.12)
where
αa = tg
−1 1
Sqa
(
~ρqa · ~πqa − (ρqa)
2
ρ3qa
π3qa
)
,
βa = tg
−1S
2
qa
S1qa
, sin βa =
S2qa√
(Sqa)2 − (S3qa)2
, cos βa =
S1qa√
(Sqa)2 − (S3qa)2
. (7.13)
~ρqa = ρqaRˆa, ρqa =
√
~ρ2qa, Rˆa =
~ρqa
ρqa
= ρˆqa, Rˆ
2
a = 1,
~πqa = π˜qaRˆa − Sqa
ρqa
Rˆa × Sˆqa, π˜qa = ~πqa · Rˆa. (7.14)
~ρqa = ρqaρˆqa(αa, βa, Sqa, S
3
qa),
~πqa = π˜qaρˆqa(αa, βa, Sqa, S
3
qa)−
Sqa
ρqa
ρˆqa(αa, βa, Sqa, S
3
qa)× Sˆqa(βa, Sqa, S3qa) =
= π˜qaRˆa(αa, βa, Sqa, S
3
qa)−
Sqa
ρqa
Rˆa(αa, βa, Sqa, S
3
qa)× Sˆqa(βa, Sqa, S3qa). (7.15)
We have now two unit vectors Rˆa and two E(3) realizations generated by ~Sqa, Rˆa respec-
tively and fixed invariants Rˆ2a = 1,
~Sqa · Rˆa = 0 (non-irreducible, type 2 [30]).
In order to implement a SO(3) Hamiltonian right action in analogy with the rigid body
theory, we must construct an orthonormal triad or body frame Nˆ , χˆ, Nˆ× χˆ. The decomposi-
tion ~S = Sˇ1χˆ+Sˇ2Nˆ×χˆ+Sˇ3Nˆ def= Sˇreˆr, identifies the SO(3) scalar generators Sˇr of the right
action provided they satisfy {Sˇr, Sˇs} = −ǫrsuSˇu. This latter condition together with the ob-
vious requirement that Nˆ , χˆ, Nˆ× χˆ be SO(3) vectors [{Nˆ r, Ss} = ǫrsuNˆu, {χˆr, Ss} = ǫrsuχˆu,
{Nˆ × χˆr, Ss} = ǫrsuNˆ × χˆu] entails the equations 40 {Nˆ r, Nˆ s} = {Nˆ r, χˆs} = {χˆr, χˆs} = 0.
To each solution of these equations is associated a couple of canonical realizations of the
E(3) group (type 2, non-irreducible): one with generators ~S, ~N and non-fixed invariants
Sˇ3 = ~S · Nˆ and | ~N |; another with generators ~S, ~χ and non-fixed invariants Sˇ1 = ~S · χˆ
and |~χ|. These latter contain the relevant information for constructing the angle α and
the new canonical pair Sˇ3, γ = tg−1 Sˇ
2
Sˇ1
of SO(3) scalars. Since {α, Sˇ3} = {α, γ} = 0 must
hold, it follows that the vector ~N necessarily belongs to the ~S-Rˆ plane. The three canonical
pairs S, α, S3, β, Sˇ3, γ will describe the orientational variables of our Darboux basis, while
40With Sˇr = ~S · eˆr, the conditions {Sˇr, Sˇs} = −ǫrsuSˇu imply the equations ~S · eˆr × eˆs +
SiSj{eˆir, eˆjs} = ǫrsuSkeˆuk , hence the quoted result.
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| ~N | and |~χ| will belong to the shape variables. Alternatively, an anholonomic basis can be
constructed by replacing the above six variables by Sˇr and three uniquely determined Euler
angles α˜, β˜, γ˜.
In the N=3 case it turns out that a solution of the previous equation corresponding
to a body frame determined by the 3-body system configuration only, as in the rigid body
case, is completely individuated once two orthonormal vectors ~N and ~χ, functions of the
relative coordinates and independent of the momenta, are found such that ~N lies in the ~S
- Rˆ plane41. We do not known whether in the case N=3 other solutions of the previous
equations exist leading to momentum dependent body frames42.
The simplest choice for the orthonormal vectors ~N and ~χ functions only of the coordinates
is
~N =
1
2
(Rˆ1 + Rˆ2) =
1
2
(ρˆq1 + ρˆq2), Nˆ =
~N
| ~N | , |
~N | =
√
1 + ρˆq1 · ρˆq2
2
,
~χ =
1
2
(Rˆ1 − Rˆ2) = 1
2
(ρˆq1 − ρˆq2), χˆ = ~χ|~χ| , |~χ| =
√
1− ρˆq1 · ρˆq2
2
=
√
1− ~N2,
~N × ~χ = −1
2
ρˆq1 × ρˆq2, | ~N × ~χ| = | ~N ||~χ| = 1
2
√
1− (ρˆq1 · ρˆq2)2,
~N · ~χ = 0, {N r, N s} = {χr, χs} = {N r, χs} = 0,
Rˆ1 = ρˆq1 = ~N + ~χ, Rˆ2 = ρˆq2 = ~N − ~χ, Rˆ1 · ~R2 = ρˆq1 · ρˆq2 = ~N2 − ~χ2. (7.16)
Likewise, we have for the spins
~Sq = ~Sq1 + ~Sq2,
~Wq = ~Sq1 − ~Sq2,
~Sq1 =
1
2
(~Sq + ~Wq), ~Sq2 =
1
2
(~Sq − ~Wq),
{W rq ,W sq } = ǫrsuSuq . (7.17)
We therefore succeeded in constructing an orthonormal triad (the dynamical body frame)
and two E(3) realizations (non-irreducible, type 3): one with generators ~Sq, ~N and non-
fixed invariants | ~N | and ~S · Nˆ , the other with generators ~Sq and ~χ and non-fixed invariants
41Let us remark that any pair of orthonormal vectors ~N , ~χ function only of the relative coordinates
can be used to build a body frame. This freedom is connected to the possibility of redefining a body
frame by using a configuration-dependent arbitrary rotation, which leaves ~N in the ~S-Rˆ plane.
42Anyway, our constructive method necessarily leads to momentum-dependent solutions of the
previous equations for N ≥ 4 and therefore to momentum-dependent or dynamical body frames.
See the following Subsection C.
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|~χ| and ~Sq · χˆ. As said in Ref. [2] this is equivalent to the determination of the non-
conserved generators Sˇrq of a Hamiltonian right action of SO(3): Sˇ
1
q =
~Sq · χˆ = ~Sq · eˆ1,
Sˇ2q =
~Sq · Nˆ × χˆ = ~Sq · eˆ2, Sˇ3q = ~Sq · Nˆ = ~Sq · eˆ3.
The realization of the E(3) group with generators ~Sq, ~N and non-fixed invariants I1 = ~N2,
I2 = ~Sq · ~N leads to the final canonical transformation
~ρqa
~πqa
−→ α1 β1 α2 β2 ρqa
Sq1 S
3
q1 Sq2 S
3
q2 π˜qa
−→ α β γ |
~N | ρqa
Sq = Sˇq S
3
q Sˇ
3
q =
~Sq · Nˆ ξ π˜qa
(7.18)
where
| ~N | =
√
1 + ρˆq1 · ρˆq2
2
,
Sˇ3q =
~Sq · Nˆ = 1√
2
2∑
a=1
~ρqa × ~πqa · ρˆq1 + ρˆq2√
1 + ρˆq1 · ρˆq2
≡ Sqcos ψ,
cos ψ = Sˆq · Nˆ =
Sˇ3q
Sq
, sin ψ =
1
Sq
√
(Sq)2 − (Sˇ3q )2,
Sq = Sˇq = |
2∑
a=1
~ρqa × ~πqa|,
S3q =
2∑
a=1
(~ρqa × ~πqa)3,
α = −tg−1 (Sˆq × Nˆ)
3
[Sˆq × (Sˆq × Nˆ)]3
=
= −tg−1 [Sˆq × (ρˆq1 + ρˆq2)]
3
[Sˆq × (Sˆq × [ρˆq1 + ρˆq2])]3
,
β = tg−1
S2q
S1q
,
γ = tg−1
~Sq · (Nˆ × χˆ)
~Sq · χˆ
= tg−1
Sˇ2q
Sˇ1q
,
⇒ sin γ = Sˇ
2
q√
(Sˇq)2 − (Sˇ3q )2
, cos γ =
Sˇ1q√
(Sˇq)2 − (Sˇ3q )2
,
= tg−1
√
2~Sq · ρˆq2 × ρˆq1√
1 + ρˆq1 · ρˆq2 ~Sq · (ρˆq1 − ρˆq2)
,
ξ =
~Wq · (Nˆ × χˆ)
|~χ| =
~Wq · (Nˆ × χˆ)√
1− ~N2
=
√
2
∑2
a=1(−)a+1~ρqa × ~πqa · (ρˆq2 × ρˆq1)
[1− ρˆq1 · ρˆq2]
√
1 + ρˆq1 · ρˆq2
. (7.19)
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For N=3 the dynamical shape variables, functions of the relative coordinates ~ρqa only,
are | ~N |, ρˆqa, while the conjugate shape momenta are ξ, π˜qa.
The final array (7.18) is nothing else than a scheme B [31] of a realization of an E(3)
group with generators ~Sq, ~N (non-irreducible, type 3). In particular, the two canonical pairs
S3q , β, Sq, α, constitute the irreducible kernel of the E(3) scheme A, whose invariants are Sˇ
3
q ,
| ~N |; γ and ξ are the so-called supplementary variables conjugated to the invariants; finally,
the two pairs ρqa, π˜qa are so-called inessential variables. Let us remark that S
3
q , β, Sq, α, γ,
ξ, are a local coordinatization of every E(3) coadjoint orbit with Sˇ3q = const., | ~N | = const.
and fixed values of the inessential variables, present in the 3-body phase space.
We can now reconstruct ~Sq and define a new unit vector Rˆ orthogonal to ~Sq by adopting
the prescription of Eq.(7.10) as follows
Sˆ1q =
1
Sq
√
(Sq)2 − (S3q )2cos β,
Sˆ2q =
1
Sq
√
(Sq)2 − (S3q )2sin β,
Sˆ3q =
S3q
Sq
,
Rˆ1 = sin βsin α− S
3
q
Sq
cos βcos α,
Rˆ2 = −cos βsin α− S
3
q
Sq
sin βcos α,
Rˆ3 =
1
Sq
√
(Sq)2 − (S3q )2cos α,
Rˆ2 = 1, Rˆ · ~Sq = 0, {Rˆr, Rˆs} = 0,
(Sˆq × Rˆ)1 = Sˆ2q Rˆ3 − Sˆ3q Rˆ2 = sin βcos α+
S3q
Sq
cos βsin α,
(Sˆq × Rˆ)2 = Sˆ3q Rˆ1 − Sˆ1q Rˆ3 = −cos βcos α+
S3q
Sq
sin βsin α,
(Sˆq × Rˆ)3 = −Sˆ1q Rˆ2 − Sˆ2q Rˆ1 =
1
Sq
√
(Sq)2 − (S3q )2sin α, (7.20)
The vectors Sˆq, Rˆ, Sˆq × Rˆ build up the spin frame for N=3. The angle α conjugate to
Sq is explicitly given by
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α = −tg−1 (Sˆq × Nˆ)
3
[Sˆq × (Sˆq × Nˆ)]3
= −tg−1 (Sˆq × Rˆ)
3
[Sˆq × (Sˆq × Rˆ)]3
. (7.21)
43 The two expressions of α given above are consistent with the fact that Sˆq, Rˆ and Nˆ are coplanar,
so that Rˆ and Nˆ differ by a term in Sˆq.
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As a consequence of this definition of Rˆ, we get the following expressions for the dynamical
body frame Nˆ , χˆ, Nˆ × χˆ in terms of the final canonical variables
Nˆ = cos ψSˆq + sinψRˆ =
Sˇ3q
Sq
Sˆq +
1
Sq
√
(Sq)2 − (Sˇ3q )2Rˆ =
= Nˆ [Sq, α;S
3
q , β; Sˇ
3
q , γ],
χˆ = sinψcos γSˆq − cos ψcos γRˆ+ sin γSˆq × Rˆ =
=
1
Sq
√
(Sq)2 − (Sˇ3q )2cos γSˆq −
Sˇ3q
Sq
cos γRˆ+ sin γSˆq × Rˆ =
=
Sˇ1q
Sq
Sˆq −
Sˇ3q
Sq
Sˇ1q Rˆ + Sˇ
2
q Sˆq × Rˆ√
(Sq)2 − (Sˇ3q )2
=
= χˆ[Sq, α;S
3
q , β; Sˇ
3
q , γ],
Nˆ × χˆ = sinψsin γSˆq − cos ψsin γRˆ− cos γSˆq × Rˆ =
=
1
Sq
√
(Sq)2 − (Sˇ3q )2sin γSˆq −
Sˇ3q
Sq
sin γRˆ − cos γSˆq × Rˆ =
=
Sˇ2q
Sq
Sˆq −
Sˇ3q
Sq
Sˇ1q Rˆ− Sˇ2q Sˆq × Rˆ√
(Sq)2 − (Sˇ3q )2
=
= (Nˆ × χˆ)[Sq, α;S3q , β; Sˇ3q , γ],
⇓
Sˆq = sinψcos γχˆ+ sinψsin γNˆ × χˆ+ cos ψNˆ
def
=
1
Sq
[
Sˇ1q χˆ+ Sˇ
2
q Nˆ × χˆ+ Sˇ3q Nˆ
]
,
Rˆ = −cos ψcos γχˆ− cos ψsin γNˆ × χˆ+ sinψNˆ,
Rˆ× Sˆq = −sin γχˆ + cos γNˆ × χˆ. (7.22)
While ψ is the angle between Sˆq and Nˆ , γ is the angle between the plane Nˆ − χˆ and the
plane Sˆq − Nˆ . As in the case N=2, α is the angle between the plane Sˆq − fˆ3 and the plane
Sˆq − Rˆ, while β is the angle between the plane Sˆq − fˆ3 and the plane fˆ3 − fˆ1.
Owing to the results of Appendix C of Ref. [2], which allow to reexpress Sqa = |~Sqa|,
S3qa, βa = tg
−1 S2qa
S1qa
and αa = −tg−1 (Sˆqa×Rˆa)
3
(Sˆqa×(Sˆqa×Rˆa))3 in terms of the final variables, we can
reconstruct the inverse canonical transformation.
The existence of the spin frame and of the dynamical body frame allows to define two
decompositions of the relative variables, which make explicit the inverse canonical transfor-
mation. For the relative coordinates we get from Eqs. (7.16) and Appendix C of I
~ρqa = ρqaRˆa = ρqa[ ~N + (−)a+1~χ] = ρqa[| ~N |Nˆ + (−)a+1
√
1− ~N2χˆ] =
46
= [~ρqa · Sˆq]Sˆq + [~ρqa · Rˆ]Rˆ + [~ρqa · Sˆq × Rˆ]Sˆq × Rˆ =
=
ρqa
Sq
[(
| ~N | Sˇ3q + (−)a+1
√
1− ~N2 Sˇ1q
)
Sˆq +
+
(
| ~N |
√
(Sq)2 − (Sˇ3q )2 − (−)a+1
√
1− ~N2 Sˇ
1
q Sˇ
3
q√
(Sq)2 − (Sˇ3q )2
)
Rˆ−
− (−)a+1
√
1− ~N2 Sˇ
2
q√
(Sq)2 − (Sˇ3q )2
Sˆq × Rˆ
]
=
= ~ρqa[Sq, α;S
3
q , β; Sˇ
3
q , γ; ρqa, | ~N |]. (7.23)
The results of Appendix C of Ref. [2] give the analogous formulas for the relative momenta
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~πqa = π˜qaRˆa +
Sqa
ρqa
Sˆqa × Rˆa = π˜qaρˆqa + Sqa
ρqa
Sˆqa × ρˆa =
= [~πqa · Nˆ ]Nˆ + [~πqa · χˆ]χˆ+ [~πqa · Nˆ × χˆ]Nˆ × χˆ =
= [~πqa · Sˆq]Sˆq + [~πqa · Rˆ]Rˆ + [~πqa · Sˆq × Rˆ]Sˆq × Rˆ =
=
1
Sq
[(
(~πqa · Nˆ)Sˇ3q + (~πqa · χˆ)Sˇ1q + (~πqa · Nˆ × χˆ)Sˇ2q
)
Sˆq +
+
(
(~πqa · Nˆ)
√
(Sq)2 − (Sˇ3q )2 − [(~πqa · χˆ + (~πqa · Nˆ × χˆ)]
Sˇ1q Sˇ
3
q√
(Sq)2 − (Sˇ3q )2
)
Rˆ +
+ [(~πqa · χˆ)− (~πqa · Nˆ × χˆ)]
Sˇ2q Sˇ
3
q√
(Sq)2 − (Sˇ3q )2
Rˆ× Sˆq
]
=
= ~πqa[Sq, α;S
3
q , β; Sˇ
3
q , γ; | ~N |, ξ; ρqa, π˜qa]. (7.24)
Finally, the results in Appendix D allow to perform a sequence of a canonical transfor-
mation to Euler angles α˜, β˜, γ˜ with their conjugate momenta, followed by a transition to
the anholonomic basis used in the orientation-shape bundle approach [1]
α β γ
Sq = Sˇq S
3
q Sˇ
3
q
−→ α˜ β˜ γ˜
pα˜ pβ˜ pγ˜
non can.−→ α˜ β˜ γ˜
Sˇ1q Sˇ
2
q Sˇ
3
q
Sq = Sˇq =
√
(Sˇ1q )
2 + (Sˇ2q )
2 + (Sˇ3q )
2,
S3q = −sin β˜cos γ˜Sˇ1q + sin β˜sin γ˜Sˇ2q + cos β˜Sˇ3q ,
α = arctg
pβ˜tg β˜
Sˇq − pα˜pγ˜Sˇqcos β˜
,
44See Appendix C of Ref. [2] for the expression of the body frame components of ~πqa.
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γ =
π
2
− γ˜ − arctg
ctg β˜pγ˜ − pα˜sin β˜
pβ˜
,
β = α˜+ arctg
ctg β˜pα˜ − pγ˜sin β˜
pβ˜
− π
2
, (7.25)
Here pα˜, pβ˜ , pγ˜ are the functions of α˜, β˜, γ˜, Sˇ
r
q , given in Eqs.(D3). Eqs.(D3), (7.25), (7.22)
and Sˇ2q = ~Sq · Nˆ × χˆ lead to the determination of the dynamical orientation variables α˜, β˜, γ˜
in terms of ~ρqa, ~πqa. Let us stress that, while in the orientation-shape bundle approach the
orientation variables θα are gauge variables, the Euler angles α˜, β˜, γ˜ are uniquely determined
in terms of the original variables.
In conclusion the complete transition to the anholonomic basis used in the static theory
of the orientation-shape bundle is
α β γ | ~N | ρqa
Sq = Sˇq S
3
q Sˇ
3
q ξ π˜qa
non can.−→ α˜ β˜ γ˜ | ~N | ρqa
Sˇ1q Sˇ
2
q Sˇ
3
q ξ π˜qa
, (7.26)
with the 3 pairs of conjugate canonical dynamical shape variables: ρqa, π˜qa, | ~N |, ξ.
Eqs.(7.23), (7.26), (7.21) and (D2) imply
ρrqa = Rrs(α˜, β˜, γ˜)ρˇsqa(q), with
ρˇ1qa(q) = (−)a+1ρqa
√
1− ~N2, ρˇ2qa(q) = 0, ρˇ3qa(q) = ρqa| ~N |,
and
Srq = Rrs(α˜, β˜, γ˜)Sˇsq , (7.27)
so that the final visualization of our sequence of transformations is
~ρqa
~πqa
non can.−→ α˜ β˜ γ˜ q
µ(~ρqa)
Sˇ1q Sˇ
2
q Sˇ
3
q pµ(~ρqa, ~πqa)
. (7.28)
Note furthermore that we get ρˇ2qa = ~ρqa · Nˆ × χˆ = 0 by construction and this entails that
using our dynamical body frame is equivalent to a convention (xxzz gauge) about the body
frame of the type of xxz and similar gauges quoted in Ref. [1].
Finally, we can give the expression of the Hamiltonian for the relative motions 45 in terms
of the anholonomic Darboux basis (7.25). By using Eqs. (E12) and (E13) we get
45The Hamiltonian in the basis (7.18) can be obtained with the following replacements Sˇ1q =√
(Sq)2 − (Sˇ3q )2cos γ and Sˇ1q =
√
(Sq)2 − (Sˇ3q )2sin γ.
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H(rel) ≡Msys = HM(∞) =
3∑
i=1
√√√√√m2i + 3
2∑
a,b=1
γaiγbi~πqa · ~πqb =
=
3∑
i=1
(
m2i +
3
~N2
[(γ1i)2
2ρ2q1
+
(γ2i)
2
2ρ2q2
+
γ1iγ2i
ρq1ρq2
]
(Sˇ1q )
2 +
+ 3
[(γ1i)2
2ρ2q1
+
(γ2i)
2
2ρ2q2
+
γ1iγ2i(2 ~N
2 − 1)
ρq1ρq2
]
(Sˇ2q )
2 +
+
3
1− ~N2
[(γ1i)2
2ρ2q1
+
(γ2i)
2
2ρ2q2
− γ1iγ2i
ρq1ρq2
]
(Sˇ3q )
2 +
+ 3
√
1− ~N2
[
ξ(
(γ1i)
2
2ρ2q1
− (γ2i)
2
2ρ2q2
) + 4γ1iγ2i| ~N |
√
1− ~N2( π˜q1
ρq2
− π˜q2
ρq1
)
]
Sˇ2q −
− 3
| ~N |
√
1− ~N2
(
(γ1i)
2
ρ2q1
− (γ2i)
2
ρ2q2
)Sˇ1q Sˇ
3
q +
+ 6(γ1i)
2
[
π˜2q1 +
ξ2(1− ~N2)
4ρ2q1
]
+ 6(γ2i)
2
[
π˜2q2 +
ξ2(1− ~N2)
4ρ2q2
]
+
+ 12γ1iγ2i
[
(2 ~N2 − 1)π˜q1π˜q2 − | ~N |(1− ~N2)ξ( π˜q1
ρq2
+
π˜q2
ρq1
) +
+
ξ2(1− ~N2)(2 ~N2 − 1)
4ρq1ρq2
])1/2
=
=
3∑
i=1
H(rel)i, (7.29)
where qµ = (ρq1, ρq2, | ~N |), pµ = (π˜q1, π˜q2, ξ) are the dynamical shape variables.
By using the results of Appendix E, Eq(E4), we can put the Hamiltonian in a form
reminiscent of the non-relativistic orientation-shape bundle approach 46
H(rel) =
3∑
i=1
H(rel)i =
=
3∑
i=1
√
m2i + Tˇ −1rsi (q)Sˇrq Sˇsq + v˜µνi (q)
(
pµ − ~ˇSq · ~ˇAiµ(q)
)(
pν − ~ˇSq · ~ˇAiν(q)
)
. (7.30)
A purely rotational (vertical) Hamiltonian is H
(rot)
(rel) = H(rel)|q˙=0 = H(rel)|pµ= ~ˇSq · ~ˇCµ( ~ˇSq,q):
46The N=3 non-relativistic Hamiltonian is Hrel =
1
2
[
(Iˇ−1(q))rsSˇrq Sˇsq+ g˜µν(q)(pµ− ~Sq · ~Aµ(q))(pν−
~Sq · ~Aν(q))
]
, with the quantities Aˇrµ(q), g˜
µν(q), Iˇ(−1rs(q) evaluated in Appendix E of Ref. [2].
While the purely rotational Hamiltonian (defined by q˙µ = 0 implying pµ = ~Sq · ~Aµ(q)) is H(rot)rel =
1
2(Iˇ−1(q))rsSˇrq Sˇsq , the purely vibrational Hamiltonian H
(vib)
rel is defined in our approach by the
requirement ωˇr = 0. Since Sˇrq |ωˇs=0 6= 0, unlike in the static orientation-shape bundle approach we
have Hrel 6= H(rot)rel +H(vib)rel .
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since under each square root there is a different gauge potential ~ˇAiµ(q) we get that under
each square root there is the mass term plus a quadratic expression in the body spin but with
coefficients depending on the shape variable and on ~ˇSq itself, since [pµ − ~ˇSq · ~ˇAiµ(q)]|q˙=0 =
~ˇSq · [ ~ˇCµ( ~ˇSq, q)− ~ˇAiµ(q)]. Therefore, we have
H
(rot)
(rel) = H
(rot)
(rel) (
~ˇSq, q) =
=
N∑
i=1
√
m2i +
[
Tˇ −1rsi (q) + v˜µνi (q)
(
Cˇrµ( ~ˇSq, q)− Aˇriµ(q)
)(
Cˇsν( ~ˇSq, q)− Aˇsiν(q)
)]
Sˇrq Sˇ
s
q .
(7.31)
In the non-relativistic limit (where pµ = ~ˇSq · ~ˇAµ(q) with ~ˇAµ(q) the non-relativistic gauge
potential) we get
H
(S)
(rel) →c→∞
N∑
i=1
mic
2 +
1
2
N∑
i=1
1
mi
(
limc→∞
[
Tˇ −1rsi (q) +
+ v˜µνi (q)
(
Cˇrµ( ~ˇSq, q)− Aˇriµ(q)
)(
Cˇsν( ~ˇSq, q)− Aˇsiν(q)
)]
Sˇrq Sˇ
s
q
)
+O(1/c) =
=
N∑
i=1
mic
2 +
1
2
Iˇ−1rs(q)Sˇrq Sˇsq +O(1/c), (7.32)
so that the non-relativistic inverse tensor of inertia is recovered as
Iˇ−1rs(q) = limc→∞
( N∑
i=1
1
mi
[
Tˇ −1rsi (q) + v˜µνi (q)
(
Cˇrµ( ~ˇSq, q)− Aˇriµ(q)
)(
Cˇsν( ~ˇSq, q)− Aˇsiν(q)
)])
.
(7.33)
These results together with
H(rel) −
3∑
i=1
mi →c→∞ 1
2
N∑
i=1
( Tˇ −1rsi (q)
mi
Sˇrq Sˇ
s
q +
+
v˜µνi (q)
mi
(
pµ − ~ˇSq · ~ˇAiµ(q)
)(
pν − ~ˇSq · ~ˇAiν(q)
))
=
=
1
2
(
(Iˇ−1(q))rsSˇrq Sˇsq + g˜µν(q)(pµ − ~ˇSq · ~ˇAµ(q))(pν − ~ˇSq · ~ˇAν(q))
)
.
(7.34)
imply that the non-relativistic gauge potential and metric are
~ˇAµ(q) = limc→∞ ~ˇCµ( ~ˇSq, q),
g˜µν(q) = limc→∞
N∑
i=1
v˜µνi (q)
mi
. (7.35)
A purely vibrational Hamiltonian H
(vib)
(rel) can be defined by requiring the vanishing of the
(now measurable) body frame components of the angular velocity ωˇr = 0. These conditions
50
transform Eq.(E9) in equations for the determination of Sˇrq |ωˇs=0: if we put their solution
into Eq.(7.30), we get H
(vib)
(rel) .
On the other hand, the orientation-shape bundle approach privileges the gauge choice
Sˇrq = 0 (special connection C quoted in Ref. [2]) to define a purely vibrational (C-horizontal)
Hamiltonian
H
(S=0)
(rel) = H(rel)| ~ˇSq=0 =
N∑
i=1
√
m2i + v˜
µν
i (q)pµpν , (7.36)
with the non-relativistic limit
H
(S=0)
(rel) →c→∞
N∑
i=1
mic
2 +
1
2
N∑
i=1
v˜µνi (q)
mi
pµpν +O(1/c) =
=
N∑
i=1
mic
2 +
1
2
g˜µν(q)pµpν +O(1/c). (7.37)
However, we cannot use this definition because our canonical construction is valid only
if Srq 6= 0.
C. N-Body Systems.
Let us now consider the general case with N ≥ 4. Instead of coupling the centers of
mass of particle clusters as it is done with Jacobi coordinates (center-of-mass clusters),
the canonical spin bases will be obtained by coupling the spins of the 2-body subsystems
(relative particles) ~ρqa, ~πqa, a = 1, .., N − 1, defined in Eqs.(3.7), in all possible ways (spin
clusters from the addition of angular momenta). Let us stress that we can build a spin
basis with a pattern of spin clusters which is completely unrelated to a possible pre-existing
center-of-mass clustering.
Let us consider the case N = 4 as a prototype of the general construction. We have
now three relative variables ~ρq1, ~ρq2, ~ρq3 and related momenta ~πq1, ~πq2, ~πq3. In the following
formulas we use the convention that the subscripts a, b, c mean any permutation of 1, 2, 3.
As in Ref. [2], we define the following sequence of canonical transformations (we assume
Sq 6= 0; SqA 6= 0, A = a, b, c) corresponding to the spin clustering pattern abc 7→ (ab)c 7→
((ab)c) [build first the spin cluster (ab), then the spin cluster ((ab)c)]:
~ρqa ~ρqb ~ρqc
~πqa ~πqb ~πqc
−→
−→ αa βa αb βb αc βc ρqa ρqb ρqc
Sqa S
3
qa Sqb S
3
qb Sqc S
3
qc π˜qa π˜qb π˜qc
−→
(ab)c−→ α(ab) β(ab) γ(ab) αc βc |
~N(ab)| ρqa ρqb ρqc
Sq(ab) S
3
q(ab) Sˇ
3
q(ab) =
~Sq(ab) · Nˆ(ab) Sqc S3qc ξ(ab) π˜qa π˜qb π˜qc
−→
−→ α((ab)c) β((ab)c) γ((ab)c) |
~N((ab)c)| γ(ab) | ~N(ab)| ρqa ρqb ρqc
Sq = Sˇq S
3
q Sˇ
3
q =
~Sq · Nˆ((ab)c) ξ((ab)c) ~Sq(ab) · Nˆ(ab) ξ(ab) π˜qa π˜qb π˜qc
→
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non can.−→ α˜ β˜ γ˜ |
~N((ab)c)| γ(ab) | ~N(ab)| ρqa ρqb ρqc
Sˇ1q Sˇ
2
q Sˇ
3
q ξ((ab)c) Ω(ab) =
~Sq(ab) · Nˆ(ab) ξ(ab) π˜qa π˜qb π˜qc
.
(7.38)
See Appendix F of Ref. [2] for the explicit construction of the canonical transformations.
The first non-point canonical transformation is based on the existence of the three unit
vectors RˆA, A = a, b, c, and of three E(3) groups with fixed values (Rˆ
2
A = 1, ~SA · RˆA = 0) of
their invariants. One uses Eqs.(7.13), (7.14) and (7.15).
In the next canonical transformation the spins of the relative particles a and b are coupled
to form the spin cluster (ab), leaving the relative particle c as a spectator. We use the
definitions ~N(ab) =
1
2
(Rˆa + Rˆb), ~χ(ab) =
1
2
(Rˆa − Rˆb), ~S(ab) = ~Sqa + ~Sqb, ~Wq(ab) = ~Sqa − ~Sqb.
We get ~N(ab) · ~χ(ab) = 0, {N r(ab), N s(ab)} = {N r(ab), χs(ab)} = {χr(ab), χs(ab)} = 0 and a new E(3)
realization generated by ~S(ab) and ~N(ab), with non-fixed invariants | ~N(ab)|, ~S(ab) ·Nˆ(ab) def= Ω(ab).
From Eqs.(7.23) we get
~ρqa = ρqa
[
| ~N(ab)|Nˆ(ab) +
√
1− ~N2(ab)χˆ(ab)
]
,
~ρqb = ρqb
[
| ~N(ab)|Nˆ(ab) −
√
1− ~N2(ab)χˆ(ab)
]
,
~ρqc = ρqcRˆc. (7.39)
Eq.(7.19) defines α(ab) and β(ab), so that Eq.(7.20) defines a unit vector Rˆ(ab) with ~S(ab)·Rˆ(ab) =
0, {Rˆr(ab), Rˆs(ab)} = 0. This unit vector identifies the spin cluster (ab) in the same way as the
unit vectors RˆA = ~ˆρqA identify the relative particles A.
The next step is the coupling of the spin cluster (ab) with unit vector Rˆ(ab) [described
by the canonical variables α(ab), S(ab), β(ab) S
3
(ab)] with the relative particle c with unit vector
Rˆc and described by αc, Sqc, βc, S
3
qc: this builds the spin cluster ((ab)c). Again Eq.(7.16)
allows to define ~N((ab)c) =
1
2
(Rˆ(ab) + Rˆc), ~χ((ab)c) =
1
2
(Rˆ(ab) − Rˆc), ~Sq = ~Sq((ab)c) = ~Sq(ab) +
~Sqc, ~Wq((ab)c) = ~Sq(ab) − ~Sqc. Since we have ~N((ab)c) · ~χ((ab)c) = 0 and {N r((ab)c), N s((ab)c)} =
{N r((ab)c), χs((ab)c)} = {χr((ab)c), χs((ab)c)} = 0 due to {Rˆr(ab), Rˆsc} = 0, a new E(3) group generated
by ~Sq and ~N((ab)c) with non-fixed invariants | ~N((ab)c)|, ~Sq · ~N((ab)c) = Sˇ3q | ~N((ab)c)| emerges.
Eq.(7.19) defines α((ab)c) and β((ab)c), so that Eq.(7.20) allows to identify a final unit vector
Rˆ((ab)c) with ~Sq · Rˆ((ab)c) = 0 and {Rˆr((ab)c), Rˆs((ab)c)} = 0.
In conclusion, when Sq 6= 0, we find both a dynamical body frame χˆ((ab)c), Nˆ((ab)c)×χˆ((ab)c),
Nˆ((ab)c), and a spin frame Sˆq, Rˆ((ab)c), Rˆ((ab)c) × Sˆq like in the 3-body case. There is an
important difference, however: the orthonormal vectors ~N((ab)c) and ~χ((ab)c) depend on the
momenta of the relative particles a and b through Rˆ(ab), so that our results do not share any
relation with the N=4 non-trivial SO(3) principal bundle of the orientation-shape bundle
approach.
The final 6 dynamical shape variables are qµ = {| ~N((ab)c)|, γ(ab), | ~N(ab)|, ρqa, ρqb, ρqc}. While
the last four depend only on the original relative coordinates ~ρqA, A = a, b, c, the first two
depend also on the original momenta ~πqA: therefore they are generalized shape variables. By
using Appendix D, we obtain
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ρrqA = Rrs(α˜, β˜, γ˜) ρˇsqA(qµ, pµ, Sˇrq ), A = a, b, c, (7.40)
This means that for N=4 the dynamical body frame components ρˇrqA depend also on the
dynamical shape momenta and on the dynamical body frame components of the spin. It is
clear that this result stands outside the orientation-shape bundle approach completely.
As shown in Appendix F of Ref. [2], starting from the Hamiltonian Hrel((ab)c) in the final
variables, we can define a rotational Hamiltonian H
(rot)
rel((ab)c) (for q˙
µ = 0, see Eqs.(F18) of Ref.
[2]) and a vibrational Hamiltonian H
(vib)
rel((ab)c) (vanishing of the physical dynamical angular
velocity ωˇr((ab)c) = 0, see Eqs.(F21) of Ref. [2]), but Hrel((ab)c) is not the sum of these two
Hamiltonians. In the rotational Hamiltonian and in the spin-angular velocity relation we
find two inertia-like tensors depending only on the dynamical shape variables.
The price to be paid for the existence of 3 global dynamical body frames for N=4 is a
more complicated form of the Hamiltonian kinetic energy. On the other hand, dynamical
vibrations and dynamical angular velocity are measurable quantities in each dynamical body
frame.
For N=5 we can repeat the previous construction either with the sequence of spin clus-
terings abcd 7→ (ab)cd 7→ ((ab)c)d) 7→ (((ab)c)d) or with the sequence abcd 7→ (ab)(cd) 7→
((ab)(cd)) [a, b, c, d any permutation of 1,2,3,4] as said in the Introduction. Each spin cluster
(...) will be identified by the unit vector Rˆ(...), axis of the spin frame of the cluster. All the
final dynamical body frames built with this construction will have their axes depending on
both the original configurations and momenta.
This construction is trivially generalized to any N: we have only to classify all the possible
spin clustering patterns.
Therefore, for N ≥ 4 our sequence of canonical and non-canonical transformations leads
to the following result to be compared with Eq.(7.25) of the 3-body case
~ρqA
~πqA
non can.−→ α˜ β˜ γ˜ q
µ(~ρqA, ~πqA)
Sˇ1q Sˇ
2
q Sˇ
3
q pµ(~ρqA, ~πqA)
. (7.41)
This state of affairs suggests that for N ≥ 4 and with Sq 6= 0, SqA 6= 0, A = a, b, c, viz.
when the standard (3N-3)-dimensional orientation-shape bundle is not trivial, the original
(6N-6)-dimensional relative phase space admits the definition of as many dynamical body
frames as spin canonical bases 47, which are globally defined (apart isolated coordinate
singularities) for the non-singular N-body configurations with ~Sq 6= 0 (and with non-zero
spin for each spin subcluster).
These dynamical body frames do not correspond to local cross sections of the static non-
trivial orientation-shape SO(3) principal bundle and the spin canonical bases do not coincide
with the canonical bases associated with the static theory. Therefore, we do not get gauge
potentials and all the other quantities evaluated in Appendix E for N=3.
47Recall that a different Hamiltonian right SO(3) action on the relative phase space corresponds
to each of them.
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VIII. THE CASE OF INTERACTING PARTICLES.
As shown in Ref. [20] and in its bibliography, the action-at-a-distance interactions in-
side the Wigner hyperplane may be introduced either under the square roots (scalar and
vector potentials) or outside (scalar potential like the Coulomb one) appearing in the free
Hamiltonian (2.19) or (6.1).
In the rest-frame instant form the most general Hamiltonian with only action-at-a-
distance interactions is
H =
N∑
i=1
√
m2i + Ui + [~ki − ~Vi]2 + V, (8.1)
with U = U(~κk, ~ηh − ~ηk), ~Vi = ~Vi(~kj 6=i, ~ηi − ~ηj 6=i), V = Vo(|~ηi − ~ηj |) + V ′(~ki, ~ηi − ~ηj).
In the rest frame the Hamiltonian for the relative motion becomes
H(rel) =
N∑
i=1
√√√√m2i + U˜i + [√n
N−1∑
a=1
γai~πqa − ~˜V i]2 + V˜ , (8.2)
with
U˜i = U([
√
n
N−1∑
a=1
γak~πqa,
1√
N
N−1∑
a=1
(γah − γak)~ρqa),
~˜V i = ~Vi([
√
n
N−1∑
a=1
γaj 6=i~πqa,
1√
N
N−1∑
a=1
(γai − γaj 6=i)~ρqa),
V˜ = Vo(| 1√
N
N−1∑
a=1
(γai − γaj)~ρqa|) + V ′([
√
n
N−1∑
a=1
γai~πqa,
1√
N
N−1∑
a=1
(γai − γaj)~ρqa). (8.3)
The prices for the existence of 3 possible global dynamical body frames for N=4 are:
i) a more complicated form of the Hamiltonian kinetic energy but with a definition of
measurable dynamical vibrations and dynamical angular velocity in each dynamical body
frame;
ii) the fact that a potential V (~ηij · ~ηhk)) with ~ηij = ~ηi − ~ηj becomes dependent also on
the shape momenta, since we have
V (~ηij · ~ηhk) = V [ 1
N
1,..,N−1∑
a,b
(Γai − Γaj)(Γbh − Γbk)~ρqa · ~ρqb]. (8.4)
For N=4, due to Eq.(E6), in the pattern ((ab)c) we have
V = V˜((ab)c)[ρqa, ρqb, ρqc, | ~N((ab)c)|, γ(ab), | ~N(ab)|; ξ((ab)c),Ω(ab); Sˇrq ]. (8.5)
For more general potentials V (~ηij · ~ηhk, ~κi · ~ηhk, ~κi · ~κj), like the non-relativistic limit of
the relativistic Darwin potential of Ref. [20], more complicated expressions are obtained.
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IX. CONCLUSIONS.
In this paper we have explored the relativistic kinematics of a system of N scalar positive-
energy particles. In the framework of the rest-frame instant form of dynamics it is possible
to find the relativistic extension of the Abelian translational and non-Abelian rotational
symmetries whose associated Noether constants of motion are fundamental for the study
of isolated systems. In the relativistic case the rest-frame description on the Wigner hy-
perplanes allows to clarify all the problems by virtue of a doubling of all the concepts:
they can be either external (namely observed by an arbitrary inertial Lorentz frame) or
internal (namely observed by an inertial observer at rest inside the Wigner hyperplane).
Correspondingly two realizations of the Poincare´ algebra are naturally defined.
After a clarification of the possible external and internal definitions of relativistic center of
mass, we have shown that it is possible to define a family of canonical transformations for the
definition of canonical relative variables. The Hamiltonian in the rest frame can be expressed
in terms of these variables. It turns out that, due to the presence of the square roots in
the Hamiltonian, the non-relativistic concepts of Jacobi normal relative coordinates, reduced
masses and barycentric tensor of inertia cannot be extended to the relativistic formulation.
On the other hand, the rest-frame description with the Wigner hyperplanes allows to use
the non-relativistic formalism developed in Ref. [2] for the study of the rotational kinematics,
since it it is independent of Jacobi coordinates. Therefore, we can extend the concepts of
canonical spin bases, spin frames and dynamical body frames to the relativistic level and we
find again that, due to the non-Abelian nature of rotations, a global separation of rotations
from vibrations is not possible.
In a future paper [28] we will conclude the study of relativistic kinematics by defining
Dixon’s multipoles [27] for the relativistic N-body problem in the rest-frame instant form of
dynamics. It will be shown that, in this framework, we can recover concepts like the tensor
of inertia by using the quadrupole moment.
The final task should be the extension of all these results to relativistic extended (con-
tinua) isolated systems.
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APPENDIX A: PARAMETRIZED MINKOWSKI THEORIES.
In this Appendix we review the main aspects of parametrized Minkowski theories and
of the canonical reduction of gauge systems, following Refs. [7,20,29], where a complete
treatment of N scalar charged positive energy particles plus the electromagnetic field is
given.
The starting point was Dirac’s [9] reformulation of classical field theory on spacelike
hypersurfaces foliating Minkowski spacetime M4. The foliation is defined by an embedding
R × Σ → M4, (τ, ~σ) 7→ zµ(τ, ~σ), with Σ an abstract 3-surface diffeomorphic to R3 In this
way one gets a parametrized field theory with a covariant 3+1 splitting of flat spacetime,
which is already in a form suited to the transition to general relativity in its ADM canonical
formulation.
The price to be paid is that one has to add the embeddings zµ(τ, ~σ) identifying the points
of the spacelike hypersurface Στ
48 as new configuration variables and then to redefine the
fields on Στ in such a way they know the whole hypersurface Στ of τ -simultaneity
49.
Then one rewrites the Lagrangian of the given isolated system in the form required by the
coupling to an external gravitational field, makes the 3+1 splitting of Minkowski spacetime
and replaces all the fields of the system by the new fields on Στ
50. Instead of considering
the 4-metric as describing a gravitational field 51, here one replaces the 4-metric with the
induced metric gAB[z] = z
µ
Aηµνz
ν
B on Στ , a functional of z
µ, and considers the embedding
coordinates zµ(τ, ~σ) as independent fields. We use the notation σA = (τ, σrˇ) of Refs. [7,20].
The zµA(σ) = ∂z
µ(σ)/∂σA are flat cotetrad fields on Minkowski spacetime 52 with the zµr ’s
tangent to Στ
53.
The evolution vector is given by zµτ = N[z](flat)l
µ+N rˇ[z](flat)z
µ
rˇ , where l
µ(τ, ~σ) is the normal
to Στ in z
µ(τ, ~σ) and
N[z](flat)(τ, ~σ) =
√
4gττ − 3γ rˇsˇ 4gτ rˇ 4gτ sˇ =
√
4g/3γ,
N[z](flat)rˇ(τ, ~σ) =
3grˇsˇ(τ, ~σ)N
sˇ
[z](flat)(τ, ~σ) =
4gτ rˇ, (A1)
48The only ones carrying Lorentz indices; the scalar parameter τ labels the leaves of the foliation
and ~σ are curvilinear coordinates on Στ .
49For a Klein-Gordon field φ(x), this new field is φ˜(τ, ~σ) = φ(z(τ, ~σ)): it contains the nonlocal
information about the embedding and the associated notion of equal time.
50These are Lorentz scalars, having only surface indices.
51Namely as an independent field like in metric gravity, where one adds the Hilbert action to the
action for the matter fields.
52I.e. 4ηµν = zµA
4gAB zνB with
4gAB the inverse of 4gAB .
53Note that in metric gravity the zµA 6= ∂zµ/∂σA are not cotetrad fields since no holonomic
coordinates zµ(σ) exist.
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are the flat lapse and shift functions defined through the metric like in metric gravity (here
3grˇuˇ 4guˇsˇ = δ
rˇ
sˇ); however, in Minkowski spacetime they are functionals of z
µ(τ, ~σ) instead of
being independent variables. See Appendix B for notations on spacelike hypersurfaces.
From this Lagrangian for the isolated system 54, we have that: i) the possible constraints
of the system are Lorentz scalars; ii) four primary first class constraints are added which
imply the independence of the description from the choice of the foliation with spacelike
hypersufaces:
Hµ(τ, ~σ) = ρµ(τ, ~σ)− lµ(τ, ~σ)T ττsystem(τ, ~σ)− zrˇµ(τ, ~σ)T τ rˇsystem(τ, ~σ) ≈ 0. (A2)
Here T ττsystem(τ, ~σ), T
τ rˇ
system(τ, ~σ), are the components of the energy-momentum tensor in the
holonomic coordinate system on Στ corresponding to the energy- and momentum-density of
the isolated system. These four constraints satisfy an Abelian Poisson algebra being solved in
4-momenta ρµ(τ, ~σ) conjugate to the embedding variables z
µ(τ, ~σ): {Hµ(τ, ~σ),Hν(τ, ~σ′)} =
0.
We see that the embedding fields zµ(τ, ~σ) are the gauge variables associated with this
kind of general covariance.
The Dirac Hamiltonian is
HD = H(c) +
∫
d3σλµ(τ, ~σ)Hµ(τ, ~σ) + (system-dependent primary constraints), (A3)
with λµ(τ, ~σ) arbitrary Dirac multipliers 55. By using 4ηµν = [lµlν − zµrˇ 3grˇsˇzνsˇ ](τ, ~σ) we can
write
λµ(τ, ~σ)Hµ(τ, ~σ) = [(λµlµ)(lνHν)− (λµzµrˇ )(3grˇsˇzsˇνHν)](τ, ~σ) def=
def
= N(flat)(τ, ~σ)(lµHµ)(τ, ~σ)−N(flat)rˇ(τ, ~σ)(3grˇsˇzsˇνHν)(τ, ~σ), (A4)
with the (non-holonomic form of the) constraints H˜(τ, ~σ) = (lµHµ)(τ, ~σ) ≈ 0, H˜rˇ(τ, ~σ) =
(zrˇµHµ)(τ, ~σ) ≈ 0, satisfying the universal Dirac algebra
{H˜r(τ, ~σ), H˜s(τ, ~σ′)} = H˜r(τ, ~σ′) ∂δ
3(~σ, ~σ
′
)
∂σs
+ H˜s(τ, ~σ)∂δ
3(~σ, ~σ
′
)
∂σr
,
{H˜(τ, ~σ), H˜r(τ, ~σ′)} = H˜(τ, ~σ)∂δ
3(~σ, ~σ
′
)
∂σr
,
{H˜(τ, ~σ), H˜(τ, ~σ′)} = [3grs(τ, ~σ)H˜s(τ, ~σ) +
+ 3grs(τ, ~σ
′
)H˜s(τ, ~σ′)]∂δ
3(~σ, ~σ
′
)
∂σr
. (A5)
In this way we have defined new flat lapse and shift functions
54See for instance Eq.(2.3) for the case of N free scalar particles.
55H(c) is the canonical part: it is either zero or weakly vanishing due to system-dependent sec-
ondary constraints.
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N(flat)(τ, ~σ) = λµ(τ, ~σ)l
µ(τ, ~σ),
N(flat)rˇ(τ, ~σ) = λµ(τ, ~σ)z
µ
rˇ (τ, ~σ). (A6)
which have the same content of the arbitrary Dirac multipliers λµ(τ, ~σ), namely they multiply
primary first class constraints satisfying the Dirac algebra. In Minkowski spacetime they are
quite distinct from the previous lapse and shift functions N[z](flat), N[z](flat)rˇ, defined starting
from the metric. Only by using the Hamilton equations zµτ (τ, ~σ)
◦
= {zµ(τ, ~σ), HD} = λµ(τ, ~σ)
we get N[z](flat)(τ, ~σ)
◦
=N(flat)(τ, ~σ), N[z](flat)rˇ(τ, ~σ)
◦
=N(flat)rˇ(τ, ~σ).
Therefore, when we consider arbitrary 3+1 splittings of spacetime with arbitrary space-
like hypersurfaces, the descriptions of metric gravity plus matter and the parametrized
Minkowski description of the same matter do not seem to follow the same pattern. The
situation changes however if the allowed 3+1 splittings of spacetime in ADM metric gravity
are restricted to have the leaves approaching Minkowski spacelike hyperplanes at spatial
infinity and if parametrized Minkowski theories are restricted to spacelike hyperplanes.
The restriction of parametrized Minkowski theories to flat hyperplanes in Minkowski
spacetime is done by adding the gauge-fixings [7]
zµ(τ, ~σ)− xµs (τ)− bµrˇ (τ)σrˇ ≈ 0. (A7)
Here xµs (τ) denotes a point on the hyperplane Στ chosen as an arbitrary origin; the b
µ
rˇ (τ)’s
form an orthonormal triad at xµs (τ) and the τ -independent normal to the family of spacelike
hyperplanes is lµ = bµτ = ǫ
µ
αβγb
α
1ˇ (τ)b
β
2ˇ
(τ)bγ
3ˇ
(τ). Each hyperplane is described by 10 config-
uration variables, xµs (τ) and the 6 independent degrees of freedom contained in the triad
bµrˇ (τ), and by the 10 conjugate momenta: p
µ
s and 6 variables hidden in a spin tensor S
µν
s
[7]. With these 20 canonical variables it is possible to build 10 Poincare´ generators p¯µs = p
µ
s ,
J¯µνs = x
µ
sp
ν
s − xνspµs + Sµνs .
After the restriction to spacelike hyperplanes, the piece
∫
d3σλµ(τ, ~σ)Hµ(τ, ~σ) of the Dirac
Hamiltonian is reduced to
λ˜µ(τ)H˜µ(τ)− 1
2
λ˜µν(τ)H˜µν(τ), (A8)
because the time constancy of the gauge-fixings zµ(τ, ~σ)− xµs (τ)− bµrˇ (τ)σrˇ ≈ 0 implies
( ˙ means d/dτ)
λµ(τ, ~σ) = λ˜µ(τ) + λ˜µν(τ)b
ν
rˇσ
rˇ,
with
λ˜µ(τ) = −x˙µs (τ), λ˜µν(τ) = −λ˜νµ(τ) =
1
2
∑
rˇ
[b˙µrˇ b
ν
rˇ − bµrˇ b˙νrˇ ](τ). (A9)
Since at this stage we have zµrˇ (τ, ~σ) ≈ bµrˇ (τ), we get
zµτ (τ, ~σ) ≈ N[z](flat)(τ, ~σ)lµ(τ, ~σ) +N rˇ[z](flat)(τ, ~σ)bµrˇ (τ, ~σ) ≈
≈ x˙µs (τ) + b˙µrˇ (τ)σrˇ = −λ˜µ(τ)− λ˜µν(τ)brˇν(τ)σrˇ. (A10)
Only now we get the coincidence of the two definitions of flat lapse and shift functions
independently from the equations of motion, i.e.
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N[z](flat)(τ, ~σ) ≈ N(flat)(τ, ~σ), N[z](flat)rˇ(τ, ~σ) ≈ N(flat)rˇ(τ, ~σ). (A11)
The description on arbitrary foliations with spacelike hyperplanes is independent from
the choice of the foliation, due to the remaining 10 first class constraints
H˜µ(τ) =
∫
d3σHµ(τ, ~σ) = pµs − pµsys = pµs −
− [total momentumof the system inside the hyperplane]µ ≈ 0,
H˜µν(τ) = bµrˇ (τ)
∫
d3σ σrˇHν(τ, ~σ)− bνrˇ (τ)
∫
d3σ σrˇHµ(τ, ~σ) = Sµνs − Sµνsys =
= Sµνs − [intrinsic angular momentumof the system
inside the hyperplane]µν = Sµνs −
− (bµrˇ (τ)lν − bνrˇ(τ)lµ)[boost part of system′s angularmomentum]τ rˇ −
− (bµrˇ (τ)bνsˇ (τ)− bνrˇ (τ)bµsˇ (τ))[spin part of system′s angularmomentum]rˇsˇ ≈ 0.
(A12)
Therefore, on spacelike hyperplanes in Minkowski spacetime we have
N(flat)(τ, ~σ) = λµ(τ, ~σ)l
µ(τ, ~σ) 7→
7→ N(flat)(τ, ~σ) = N[z](flat)(τ, ~σ) =
= −λ˜µ(τ)lµ − lµλ˜µν(τ)bνsˇ (τ)σsˇ = −λ(τ)−
1
2
λτ sˇ(τ)σ
sˇ,
N(flat) rˇ(τ, ~σ) = λµ(τ, ~σ)z
µ
rˇ (τ, ~σ) 7→
7→ N(flat)(τ, ~σ) = N[z](flat)rˇ(τ, ~σ) =
= −λ˜µ(τ)bµrˇ (τ)− bµrˇ (τ)λ˜(µ)(ν)(τ)bνsˇ (τ)σsˇ = −λrˇ(τ)−
1
2
λrˇsˇ(τ)σ
sˇ,
λA(τ) = λ˜µ(τ)b
µ
A(τ), λ˜µ(τ) = b
A
µ (τ)λA(τ),
λAB(τ) = λ˜µν(τ)[b
µ
Ab
ν
B − bνAbµB](τ) = 2[λ˜µνbµAbνB](τ),
λ˜µν(τ) =
1
4
[bAµ b
B
ν − bBµ bAν ](τ)λAB(τ) =
=
1
2
[bAµ b
B
ν λAB](τ). (A13)
This is the main difference of the present approach from the treatment of parametrized
Minkowski theories given in standard references: there, no configuration action is defined but
only a phase space action, in which people use, wrongly, N[z](flat), N[z](flat)rˇ instead of N(flat),
N(flat)rˇ not only on spacelike hyperplanes but also on arbitrary spacelike hypersurfaces.
At this stage the embedding canonical variables zµ(τ, ~σ), ρµ(τ, ~σ) are reduced to:
i) xµs (τ), p
µ
s with {xµs , pνs} = −4ηµν , parametrizing the arbitrary origin of the coordinates
on the family of spacelike hyperplanes. The four constraints Hµ(τ) ≈ pµs − pµsys ≈ 0 mean
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that pµs is determined by the 4-momentum of the isolated system.
ii) bµA(τ)
56 and Sµνs = −Sνµs , with the orthonormality constraints bµA 4ηµνbνB = 4ηAB. The
non-vanishing Dirac brackets enforcing the orthonormality constraints [37,7] for the bµA’s are
{bρA, Sµνs } = 4ηρµbνA − 4ηρνbµA,
{Sµνs , Sαβs } = Cµναβγδ Sγδs , (A14)
with Cµναβγδ the structure constants of the Lorentz algebra.
Then one has that pµs , J
µν
s = x
µ
sp
ν
s − xνspµs + Sµνs , satisfy the algebra of the Poincare´
group, with Sµνs playing the role of the spin tensor. The other six constraints Hµν(τ) ≈
Sµνs − Sµνsys ≈ 0 mean that Sµνs coincides with the spin tensor of the isolated system.
For the velocity of the origin xµs (τ) we get
x˙µs (τ)
◦
= {xµs (τ), HD} = λ˜ν(τ){xµs (τ),Hµ(τ)} =
= −λ˜µ(τ) = [uµ(ps)uν(ps)− ǫµr (u(ps))ǫνr (u(ps))]x˙sν(τ) =
= −uµ(ps)λ(τ) + ǫµr (u(ps))λr(τ),
x˙2s(τ) = λ
2(τ)− ~λ2(τ) > 0, x˙s · u(ps) = −λ(τ),
Uµs (τ) =
x˙µs (τ)√
ǫx˙2s(τ)
=
−λ(τ)uµ(ps) + λr(τ)ǫµr (u(ps))√
λ2(τ)− ~λ2(τ)
,
⇒ xµs (τ) = xµs (0)− uµ(ps)
∫ τ
0
dτ1λ(τ1) + ǫ
µ
r (u(ps))
∫ τ
0
dτ1λr(τ1). (A15)
Let us remark that, for each configuration of an isolated system with timelike total 4-
momentum there is a privileged family of hyperplanes (the Wigner hyperplanes orthogonal
to pµs , existing when ǫp
2
s > 0) corresponding to the intrinsic rest-frame of the isolated system.
If we choose these hyperplanes with suitable gauge fixings for the constraints H˜µν(τ) ≈ 0
[7], we are left with the four constraints Hµ(τ) ≈ 0, which can be rewritten as
ǫs =
√
ǫp2s ≈ [invariantmass of the isolated systemunder investigation] = Msys;
~psys = [3−momentumof the isolated system inside theWigner hyperplane] ≈ 0,
HD = H(c) + λ˜
µ(τ)H˜µ(τ) + (system− dependent primary constraints) =
= H(c) + λ(τ)[ǫs −Msys]− ~λ(τ) · ~psys +
+ (system− dependent primary constraints). (A16)
There is no more a restriction on pµs , because u
µ
s (ps) = p
µ
s/
√
ǫp2s gives the orientation of
the Wigner hyperplanes containing the isolated system, with respect to an arbitrary given
external observer.
56With the bµr (τ)’s being three orthogonal spacelike unit vectors generating the fixed τ -independent
timelike unit normal bµτ = l
µ to the hyperplanes.
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In this special gauge, after having gone to Dirac brackets we have bµA ≡ LµA(ps, ◦ps)
(the standard Wigner boost for timelike Poincare´ orbits), Sµνs ≡ Sµνsys, λ˜µν(τ) ≡ 0. The
origin xµs (τ) does not belong any more to the canonical basis for these Dirac brackets and
is replaced by the non-covariant canonical variable [7] x˜µs (τ) = x
µ
s (τ) − 1ǫs(pos+ǫs)
[
psνS
νµ
s +
ǫs(S
oµ
s − Soνs psνp
µ
s
ǫ2s
)
]
.
In general, we have the problem that in the gauges where λ˜µν(τ) or λ˜AB(τ) are different
from zero, the foliations with leaves Στ associated to arbitrary 3+1 splittings of Minkowski
spacetime are geometrically ill-defined at spatial infinity so that the variational principle
describing the isolated system could make sense only for those 3+1 splittings having these
part of the Dirac’s multipliers vanishing. The problem is that, since on hyperplanes l˙µ =
0 and lµ brˇµ(τ) = 0 imply l
µb˙rˇµ(τ) = 0, Eqs.(A10) implies λτ rˇ(τ) = 0 (i.e. only three
λ˜µν(τ) are independent) on spacelike hyperplane, because otherwise Lorentz boosts could
generate crossing of the foliation leaves. To avoid incosistencies this suggests to make the
reduction from arbitrary spacelike hypersurfaces either directly to the Wigner hyperplanes
or to spacelike hypersurfaces approaching Wigner hyperplanes asymptotically 57.
Till now, therefore, the 3+1 splittings of Minkowski spacetime whose leaves are Wigner
hyperplanes are the only ones for which the foliation is well defined at spatial infinity: both
the induced proper time interval and shift functions are finite there.
One obtains in this way a new kind of instant form of the dynamics, theWigner-covariant
1-time rest-frame instant form [7,29]. For any isolated system all the variables become
Wigner covariant except for the external canonical center of mass x˜µs , which looses even
Lorentz covariance. This does not matter, however, since it is a completely decoupled
variable. This is the special relativistic generalization of the non-relativistic separation of
the center of mass from the relative motion [H =
~P 2
2M
+Hrel]. The role of the center of mass
is taken by the Wigner hyperplane, identified by a point x˜µ(τ) and its normal pµs .
57Asymptotically, we must fix the gauge freedom generated by the spin part of Lorentz boosts,
see Eq.(A9); how this can be done before the restriction to spacelike hyperplanes has still to be
studied.
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APPENDIX B: NOTATIONS ON SPACELIKE HYPERSURFACES.
Let us first review some preliminary results from Refs. [7] needed in the description of
physical systems on spacelike hypersurfaces.
Let {Στ} be a one-parameter family of spacelike hypersurfaces foliating Minkowski space-
time M4 with 4-metric ηµν = ǫ(+−−−), ǫ = ± 58 and giving a 3+1 decomposition of it. At
fixed τ , let zµ(τ, ~σ) be the coordinates of the points on Στ inM
4, {~σ} a system of coordinates
on Στ . If σ
Aˇ = (στ = τ ;~σ = {σrˇ}) 59 and ∂Aˇ = ∂/∂σAˇ, one can define the cotetrads
zµ
Aˇ
(τ, ~σ) = ∂Aˇz
µ(τ, ~σ), ∂Bˇz
µ
Aˇ
− ∂AˇzµBˇ = 0, (B1)
so that the metric on Στ is
gAˇBˇ(τ, ~σ) = z
µ
Aˇ
(τ, ~σ)ηµνz
ν
Bˇ(τ, ~σ), ǫgττ (τ, ~σ) > 0,
g(τ, ~σ) = −det || gAˇBˇ(τ, ~σ) || = (det || zµAˇ(τ, ~σ) ||)
2,
γ(τ, ~σ) = −det || grˇsˇ(τ, ~σ) || = det ||3grˇsˇ(τ, ~σ)||, (B2)
where grˇsˇ = −ǫ 3grˇsˇ with 3grˇsˇ having positive signature (+ + +).
If γ rˇsˇ(τ, ~σ) = −ǫ 3grˇsˇ is the inverse of the 3-metric grˇsˇ(τ, ~σ) [γ rˇuˇ(τ, ~σ)guˇsˇ(τ, ~σ) = δrˇsˇ ], the
inverse gAˇBˇ(τ, ~σ) of gAˇBˇ(τ, ~σ) [g
AˇCˇ(τ, ~σ)gcˇbˇ(τ, ~σ) = δ
Aˇ
Bˇ
] is given by
gττ (τ, ~σ) =
γ(τ, ~σ)
g(τ, ~σ)
,
gτ rˇ(τ, ~σ) = −[γ
g
gτuˇγ
uˇrˇ](τ, ~σ) = ǫ[
γ
g
gτuˇ
3guˇrˇ](τ, ~σ),
grˇsˇ(τ, ~σ) = γ rˇsˇ(τ, ~σ) + [
γ
g
gτuˇgτ vˇγ
uˇrˇγ vˇsˇ](τ, ~σ) =
= −ǫ 3grˇsˇ(τ, ~σ) + [γ
g
gτuˇgτ vˇ
3guˇrˇ 3gvˇsˇ](τ, ~σ), (B3)
so that 1 = gτCˇ(τ, ~σ)gCˇτ (τ, ~σ) is equivalent to
g(τ, ~σ)
γ(τ, ~σ)
= gττ (τ, ~σ)− γ rˇsˇ(τ, ~σ)gτ rˇ(τ, ~σ)gτ sˇ(τ, ~σ). (B4)
We have
zµτ (τ, ~σ) = (
√
g
γ
lµ + gτ rˇγ
rˇsˇzµsˇ )(τ, ~σ), (B5)
and
58ǫ = +1 is the particle physics convention; ǫ = −1 the general relativity one.
59The notation Aˇ = (τ, rˇ) with rˇ = 1, 2, 3 will be used; note that Aˇ = τ and Aˇ = rˇ = 1, 2, 3 are
Lorentz-scalar indices.
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ηµν = zµ
Aˇ
(τ, ~σ)gAˇBˇ(τ, ~σ)zνBˇ(τ, ~σ) =
= (lµlν + zµrˇ γ
rˇsˇzνsˇ )(τ, ~σ), (B6)
where
lµ(τ, ~σ) = (
1√
γ
ǫµαβγz
α
1ˇ z
β
2ˇ
zγ
3ˇ
)(τ, ~σ),
l2(τ, ~σ) = 1, lµ(τ, ~σ)z
µ
rˇ (τ, ~σ) = 0, (B7)
is the unit (future pointing) normal to Στ at z
µ(τ, ~σ).
For the volume element in Minkowski spacetime we have
d4z = zµτ (τ, ~σ)dτd
3Σµ = dτ [z
µ
τ (τ, ~σ)lµ(τ, ~σ)]
√
γ(τ, ~σ)d3σ =
=
√
g(τ, ~σ)dτd3σ. (B8)
Let us remark that, according to the geometric approach of Ref. [44],one can write
zµτ (τ, ~σ) = N(τ, ~σ)l
µ(τ, ~σ) +N rˇ(τ, ~σ)zµrˇ (τ, ~σ), (B9)
where N =
√
g/γ =
√
gττ − γ rˇsˇgτ rˇgτ sˇ =
√
gττ + ǫ3grˇsˇgτ rˇgτ sˇ and N
rˇ = gτ sˇγ
sˇrˇ = −ǫgτ sˇ 3gsˇrˇ
are the standard lapse and shift functions N[z](flat), N
rˇ
[z](flat) of Appendix A, so that
gττ = ǫN
2 + grˇsˇN
rˇN sˇ = ǫ[N2 − 3grˇsˇN rˇN sˇ],
gτ rˇ = grˇsˇN
sˇ = −ǫ 3grˇsˇN sˇ,
gττ = ǫN−2,
gτ rˇ = −ǫN rˇ/N2,
grˇsˇ = γ rˇsˇ + ǫ
N rˇN sˇ
N2
= −ǫ[3grˇsˇ − N
rˇN sˇ
N2
],
∂
∂zµτ
= lµ
∂
∂N
+ zsˇµγ
sˇrˇ ∂
∂N rˇ
= lµ
∂
∂N
− ǫzsˇµ 3gsˇrˇ ∂
∂N rˇ
,
d4z = N
√
γdτd3σ. (B10)
The rest frame form of a timelike four-vector pµ is
◦
p µ = η
√
ǫp2(1;~0) = ηµoη
√
ǫp2,
◦
p 2 = p2, where η = sign po. The standard Wigner boost transforming
◦
p µ into pµ is
Lµν(p,
◦
p) = ǫµν (u(p)) =
= ηµν + 2
pµ
◦
pν
ǫp2
− (p
µ +
◦
p
µ
)(pν +
◦
pν)
p· ◦p +ǫp2
=
= ηµν + 2u
µ(p)uν(
◦
p)− (u
µ(p) + uµ(
◦
p))(uν(p) + uν(
◦
p))
1 + uo(p)
,
ν = 0 ǫµo (u(p)) = u
µ(p) = pµ/η
√
ǫp2,
ν = r ǫµr (u(p)) = (−ur(p); δir −
ui(p)ur(p)
1 + uo(p)
). (B11)
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The inverse of Lµν(p,
◦
p) is Lµν(
◦
p, p), the standard boost to the rest frame, defined by
Lµν(
◦
p, p) = Lν
µ(p,
◦
p) = Lµν(p,
◦
p)|~p→−~p. (B12)
Therefore, we can define the following cotetrads and tetrads 60
ǫµA(u(p)) = L
µ
A(p,
◦
p),
ǫAµ (u(p)) = L
A
µ(
◦
p, p) = ηABηµνǫ
ν
B(u(p)),
ǫo¯µ(u(p)) = ηµνǫ
ν
o(u(p)) = uµ(p),
ǫrµ(u(p)) = −δrsηµνǫνr (u(p)) = (δrsus(p); δrj − δrsδjh
uh(p)us(p)
1 + uo(p)
),
ǫAo (u(p)) = uA(p), (B13)
which satisfy
ǫAµ (u(p))ǫ
ν
A(u(p)) = η
µ
ν ,
ǫAµ (u(p))ǫ
µ
B(u(p)) = η
A
B,
ηµν = ǫµA(u(p))η
ABǫνB(u(p)) = u
µ(p)uν(p)−
3∑
r=1
ǫµr (u(p))ǫ
ν
r(u(p)),
ηAB = ǫ
µ
A(u(p))ηµνǫ
ν
B(u(p)),
pα
∂
∂pα
ǫµA(u(p)) = pα
∂
∂pα
ǫAµ (u(p)) = 0. (B14)
The Wigner rotation corresponding to the Lorentz transformation Λ is
Rµν(Λ, p) = [L(
◦
p, p)Λ−1L(Λp,
◦
p)]
µ
ν =
(
1 0
0 Rij(Λ, p)
)
,
Rij(Λ, p) = (Λ
−1)
i
j − (Λ
−1)iopβ(Λ−1)βj
pρ(Λ−1)ρo + η
√
ǫp2
−
− p
i
po + η
√
ǫp2
[(Λ−1)oj − ((Λ
−1)oo − 1)pβ(Λ−1)βj
pρ(Λ−1)ρo + η
√
ǫp2
]. (B15)
The polarization vectors transform under the Poincare´ transformations (a,Λ) in the
following way
ǫµr (u(Λp)) = (R
−1)rs Λµν ǫνs(u(p)). (B16)
60The ǫµr (u(p))’s are also called polarization vectors; the indices r, s will be used for A=1,2,3 and
o¯ for A = o.
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APPENDIX C: THE GARTENHAUS-SCHWARTZ TRANSFORMATION FOR
SPINNING PARTICLES.
In Ref. [38] there is the rest-frame instant form description of a system of N spinning
positive-energy particles with the intrinsic spin described by Grassmann variables.
On the Wigner hyperplane the N spinning particles are described by a canonical basis
containing the center-of-mass variables x˜µs , p
µ
s , the pairs ~ηi, ~κi, i = 1, .., N , of Eq.(2.16) and
three Grassmann variables for each spin, ξri ≡ ǫrµ(u(ps))ξµi [38] satisfying {ξri , ξsj} == −iδrsδij
and having vanishing Poisson bracket with all the other variables.
The rest-frame external realization of the Poincare´ algebra is built in analogy to Eq.(2.14)
but with a modified spin tensor S˜µνs
~¯Ss =
N∑
i=1
(
~ηi × ~κi + ~¯Siξ
)
,
S¯riξ = −
i
2
ǫruvξui ξ
v
i , {S¯riξ, S¯sjξ} = δijǫrsuS¯uiξ. (C1)
In absence of interactions Eqs.(2.7), (2.8), (2.16) remain valid.
By using the expression of S¯µνs on the Wigner hyperplane given in Ref. [38] and the
methodology of Ref. [24], the internal realization (2.15) of the Poincare´ algebra becomes
HM =Msys =
N∑
i=1
√
m2i + ~κ
2
i =
N∑
i=1
Hi, Hi =
√
m2i + ~κ
2
i ,
~κ+ =
N∑
i=1
~κi (≈ 0),
~J = ~¯Ss =
N∑
i=1
(
~ηi × ~κi + ~¯Siξ
)
= ~JB + ~JS, ~JS =
N∑
i=1
~¯Siξ,
~K = −
N∑
i=1
~ηiHi +
N∑
i=1
~¯Siξ × ~κi
mi +Hi
= ~KB + ~Ks, ~KB = −
N∑
i=1
~ηiHi. (C2)
Following Ref. [24], if we put
~K = −HM~q+ +
~Sq × ~κ+√
Π +HM
, Π = H2M − ~κ2+,
~Sq = ~J − ~q+ × ~κ+, (C3)
we get consistently the expression of the internal canonical center of mass ~q+ given in
Eq.(4.4), with ~Sq the associated spin vector.
As in Section VI, let us apply the Gartenhaus-Schwartz transformation to go from the
internal canonical basis ~ηi, ~κi, ~ξi (with ~κ+ ≈ 0) to the center-of-mass basis ~q+, ~κ+, ~ρqa, ~πqa,
~ξqi (again with ~κ+ ≈ 0) with ~¯Siξ 7→ ~Sqiξ. By using Eqs.(5.1) and (5.4) with ~K = ~KB+ ~KS of
Eq.(C2), we can find the differential equations for the α-dependence of the various quantities.
Since {~πa, ~KS} = 0, ~πqa = limα→∞ ~πa(α) is the same as in the spinless case; the ~πqa’s are
given in Eqs.(5.13). As in the spinless case Π is an invariant and we have
√
Π = HM(∞) =
65
H(rel) =
∑N
i=1Hi(∞) with Hi(∞) = (HMHi − ~κ+ · ~κi)/
√
Π. Moreover, ~n+ = ~κ+/|~κ+| is
invariant.
For the spin variables ~¯Siξ we get
dS¯riξ(α)
dα
= {S¯riξ(α), ~q+(α) · ~κ+(α)} = {
~K(α) · ~κ+(α)
HM(α)
, S¯riξ} =
=
κs+(α)
HM(α)
{KsS(α), S¯riξ(α)} =
[
(
~κ+(α)× ~κi(α)
)
× ~¯Siξ(α)]r
HM(α)(mi +Hi(α))
,
⇒ d
~¯Siξ(α)
dθ(α)
=
(
~n+ × ~κi(α)
)
× ~¯Siξ(α)
mi +Hi(α)
. (C4)
This equation coincides with Eq.(3.10) of Ref. [35]. By using Eq.(3.11) of Ref. [35], its
integration provides Thomas precession of the spin variable ~¯Siξ about an axis ~κi×~n+ in the
instantaneous center-of-mass frame [39]:
~¯Siξ(α) = cos γ(α)
~¯Siξ + [1− cos γ(α)](~vi · ~¯Siξ)~vi − sin γ(α)~vi × ~¯Siξ,
~vi =
~κi × ~n+
|~κi × ~n+| ,
tg
γ(α)
2
=
1− cos γ(α)
sin γ(α)
=
|~κi × ~n+|
(mi +Hi)ctgh
θ(α)
2
− ~κi · ~n+
→α→∞ |~κi × ~κ+|
(mi +Hi)(HM +
√
Π)− ~κi · ~κ+
≈ 0, [tg γ(∞)
2
=
HM +
√
Π
|~κ+| ],
sin γ(α) = 2
(mi +Hi)ctgh
θ(α)
2
− ~κi · ~n+
|~κi × ~n+|2 + [(mi +Hi)ctgh θ(α)2 − ~κi · ~n+]2
|~κi × ~n+|,
cos γ(α) = 1− 2 |~κi × ~n+|
2
|~κi × ~n+|2 + [(mi +Hi)ctgh θ(α)2 − ~κi · ~n+]2
. (C5)
Therefore, we obtain
~Sqiξ = limα→∞ ~¯Siξ(α) =
[
1− |~κi × ~κ+|
2
(mi +Hi)(mi +Hi(∞))(HM +
√
Π)
√
Π
]
~¯Siξ +
+
~κi × ~κ+ · ~¯Siξ~κi × ~κ+
(mi +Hi)(mi +Hi(∞))(HM +
√
Π)
√
Π
−
− (mi +Hi)(HM +
√
Π)− ~κi · ~κ+
(mi +Hi)(mi +Hi(∞))(HM +
√
Π)
√
Π
(~κi × ~κ+)× ~¯Siξ ≈ ~¯Siξ. (C6)
For the Grassmann variables ~ξi, we get the same differential equation
dξri (α)
dα
= {ξri (α), ~q+(α) · ~κ+(α)} =
[
(
~κ+(α)× ~κi(α)
)
× ~ξi]r
HM(α)(mi +Hi(α))
,
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⇒ d
~ξi(α)
dθ(α)
=
(
~n+ × ~κi(α)
)
× ~ξi(α)
mi +Hi(α)
,
⇓
~ξqi = limα→∞ ~ξi(α) =
[
1− |~κi × ~κ+|
2
(mi +Hi)(mi +Hi(∞))(HM +
√
Π)
√
Π
]
~ξi +
+
~κi × ~κ+ · ~ξi~κi × ~κ+
(mi +Hi)(mi +Hi(∞))(HM +
√
Π)
√
Π
−
− (mi +Hi)(HM +
√
Π)− ~κi · ~κ+
(mi +Hi)(mi +Hi(∞))(HM +
√
Π)
√
Π
(~κi × ~κ+)× ~ξi ≈ ~ξi. (C7)
Let us remark that, now, as one can easily check, besides the invariants I
(1)
i and I
(2) of
Eqs. (5.14) of the spinless case (we have I(2) = I
(2)
B + I
(2)
S since ~K = ~KB + ~KS) there are
also the following invariants
I
(3)
i = (~κi × ~n+) · ~¯Siξ,
I(2) = I
(2)
B + I
(2)
S , I
(2)
S =
|~κ+|
HM
N∑
i=1
I
(3)
i
mi +Hi
. (C8)
Let us now consider the position vectors. Like in the spinless case the preliminary
calculations for Eq.(5.19), now give
d
dα
~n+ · ~ηi(α) = −~n+ · ~ηi(α)
Hi(α)
dHi(α)
dα
− I
(1)
i I
(2)
Hi(α)
dJ (1)(α)
dα
−
− 1
Hi(α)
dHi(α)
dα
I
(3)
i
(mi +Hi(α))2
. (C9)
These equations have the solution
~n+ · ~ηi(α) = Hi
Hi(α)
~n+ · ~ηi − I
(2)
|~κ+|(e
α − Hi
Hi(α)
) +
+
I
(3)
i
Hi(α)
( 1
mi +Hi(α)
− 1
mi +Hi
)
. (C10)
For ~ηi(α) we have
d~ηi(α)
dα
= {~ηi(α), ~κ+(α) · ~q+(α)} = −ns+
∂
∂~ki(α)
|~κ+(α)|Ks(α)
HM(α)
=
= ~n+ · ~ηi(α) |~κ+(α)|
~ki(α)
Hi(α)HM(α)
+
+
∑N
j=1Hj(α)~n+ · ~ηj(α)
HM(α)
[ |~κ+(α)|~ki(α)
Hi(α)HM(α)
− ~n+
]
+
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+
~n+ ·
(
~¯Siξ(α)× ~κi(α)
)
|~κ+(α)|~κi(α)
HM(α)Hi(α)(mi +Hi(α))2
− |~κ+(α)|~n+ ×
~¯Siξ(α)
HM(α)(mi +Hi(α))
=
=
Hi|~κ+(α)|~κi(α)
H2i (α)HM(α)
[
~n+ · ~ηi + I
(2)
|~κ+|
]
− ~n+ ·
~K(α)~n+
HM(α)
+
+
~κi(α)|~κ+(α)|
Hi(α)HM(α)
~n+ ·
(
~¯Siξ(α)× ~κi(α)
)
(mi +Hi(α))2
+
+
I
(3)
i
Hi(α)
[ 1
mi +Hi(α)
− 1
mi +Hi
]
− |~κ+(α)|~n+ ×
~¯Siξ(α)
HM(α)(mi +Hi(α))
. (C11)
The equations for ~ρa(α) =
√
N
∑N
i=1 γai~ηi(α) are [see Eq.(3.21) of Ref. [35]]
d~ρa(α)
dα
=
√
N
N∑
i=1
γai
d~ηi(α)
dα
=
=
√
N
N∑
i=1
γai
Hi|~κ+(α)|~κi(α)
H2i (α)
(~n+ · ~ηi + I
(2)
|~κ+|) +
+
√
N
N∑
i=1
γai
~κi(α)
Hi(α)
[ |~κ+(α)|
HM(α)
~n+ ·
(
~¯Siξ × ~κi(α)
)
(mi +Hi(α))2
+
+
I
(3)
i |~κ+(α)|
HiHM(α)
(
1
mi +Hi(α)
− 1
mi +Hi
)
]
+
+
√
N
N∑
i=1
γai
|~κ+(α)|~n+ × ~¯Siξ(α)
HM(α)(mi +Hi(α))
. (C12)
By using the results contained in Ref. [35] this equation can be integrated with the final
result
~ρa(α) = ~ρa −
N∑
i,j=1
N−1∑
b=1
γaj(γbi − γbj)HiHj
HM
~J
(2)
j (α)~n+ · ~ρb +
+
√
N
N∑
i=1
I
(3)
i
HM(mi +Hi)
N∑
j=1
γaj
~kj(α)
Hj(α)
sh θ(α) +
+
√
N
N∑
i=1
γai
(mi +Hi(α))(mi +Hi)
[I(3)i (~κi − |~n+ · ~κi|~n+sh θ(α)
Hi(α)
+
+
I
(3)
i [Hi −Hi(α)]~n+
Hi(α)
+ [ch θ(α)− 1]~n+ · ~¯Siξ~κi × ~n+ −
− sh θ(α)(mi +Hi)[ch θ(α) + 1]− ~n+ ·
~kish θ(α)
ch θ(α) + 1
]
. (C13)
Then we get
~ρqa = limα→∞ ~ρa(α) = ~ρa −
68
−
N∑
i,j=1
N−1∑
b=1
γaj(γbi − γbj) Hi
HM
[ |~κ+|~κj(∞)
Hj(∞)
√
Π
+ (
HM√
Π
− 1)~n+
]
~n+ · ~ρb +
+
√
N
N∑
i=1
I
(3)
i
HM(mi +Hi)
N∑
j=1
γaj
|~κ+|~κj(∞)
Hj(∞)
√
Π
+
+
√
N
N∑
i=1
γai
(mi +Hi)(mi +Hi(∞))
[ |~κ+|I(3)i
Hi(∞)
√
Π
(~κi − ~n+ · ~κi~n+) +
+
I
(3)
i (Hi −Hi(∞))
Hi(∞) +
(HM −
√
Π)~n+ · ~¯Siξ√
Π
~κi × ~n+ −
− |~κ+|√
Π
(mi +Hi)(HM +
√
Π)− |~κ+|~n+ · ~κi
HM −
√
Π
~n+ × ~¯Siξ
]
≈ ~ρa. (C14)
In the same way as in the spinless case we obtain
~JS(α) =
N∑
i=1
[
~ηi(α)× ~κi(α) + ~¯Siξ(α)
]
→α→∞ ~Sq =
N−1∑
a=1
~ρqa × ~πqa +
N∑
i=1
~Sqiξ. (C15)
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APPENDIX D: EULER ANGLES.
Let us denote by α˜, β˜, γ˜ the Euler angles chosen as orientation variables θα.
Let fˆ1 = iˆ, fˆ2 = jˆ, fˆ3 = kˆ be the unit 3-vectors along the axes of the space frame and
eˆ1 = χˆ, eˆ2 = Nˆ × χˆ, eˆ3 = Nˆ , the unit 3-vectors along the axes of a body frame. Then we
have
~Sq = S
r
q fˆr = R
rs(α˜, β˜, γ˜)Sˇsq fˆr = Sˇ
s
q eˆs,
eˆs = (R
T )sr(α˜, β˜, γ˜)fˆr = Rsr(α˜, β˜, γ˜)fˆr. (D1)
There are two main conventions for the definition of the Euler angles α˜, β˜, γ˜.
A) The y-convention (see Refs. [40] (Appendix B) and [41]):
i) perform a first rotation of an angle α˜ around fˆ3 [fˆ1 7→ eˆ′1 = cos α˜fˆ1 + sin α˜fˆ2, fˆ2 7→ eˆ′2 =
−sin α˜fˆ1 + cos α˜fˆ2, fˆ3 7→ eˆ′3 = fˆ3];
ii) perform a second rotation of an angle β˜ around eˆ
′
2 [eˆ
′
1 7→ eˆ”1 = cos β˜eˆ′1 − sin β˜eˆ′3, eˆ′2 7→
eˆ”2 = eˆ
′
2, eˆ
′
3 7→ eˆ”3 = sin β˜eˆ′1 + cos β˜eˆ′3];
iii) perform a third rotation of an angle γ˜ around eˆ”3 [eˆ
”
1 7→ eˆ1 = cos γ˜eˆ”1+ sin γ˜eˆ”2, eˆ”2 7→ eˆ2 =
−sin γ˜eˆ”1 + cos γ˜eˆ”2]. In this way one gets


χˆ
Nˆ × χˆ
Nˆ

 ≡


eˆ1
eˆ2
eˆ3

 = R(α˜, β˜, γ˜)


fˆ1
fˆ2
fˆ3

 ,
Rrs(α˜, β˜, γ˜) = RTrs(α˜, β˜, γ˜) =
=


cos γ˜cos β˜cos α˜− sin γ˜sin α˜ cos γ˜cos β˜sin α˜+ sin γ˜cos α˜ −cos γ˜sin β˜
−(sin γ˜cos β˜cos α˜+ cos γ˜sin α˜ −sin γ˜cos β˜sin α˜ + cos γ˜cos α˜ sin γ˜sin β˜
sin β˜cos α˜ sin β˜sin α˜ cos β˜

 ,
with
tg α˜ =
Nˆ2
Nˆ1
,
cos β˜ = Nˆ3,
tg γ˜ = − χˆ
3
(Nˆ × χˆ)3 . (D2)
Since Nˆ and χˆ are functions of ~ρqa only, see Eq.(7.16), it follows {α˜, β˜} = {β˜, γ˜} =
{γ˜, α˜} = 0.
B) The x-convention (see Refs. [42], [40] (in the text) and [43]): the Euler angles θ, ϕ
and ψ are: i) θ = β˜; ii) cos ϕ = −sin α˜, sinϕ = cos α˜; iii) cos ψ = sin γ˜, sinψ = −cos γ˜.
We use the y-convention. Following Ref. [43], let us introduce the canonical momenta
pα˜, pβ˜, pγ˜ conjugated to α˜, β˜, γ˜: {α˜, pα˜} = {β˜, pβ˜} = {γ˜, pγ˜} = 1 (note that this Darboux
chart does not exist globally). Then, the results of Ref. [43] imply
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S1q = −sin α˜pβ˜ +
cos α˜
sin β˜
pγ˜ − cos α˜ctg β˜pα˜,
S2q = cos α˜pβ˜ +
sin α˜
sin β˜
pγ˜ − sin α˜ctg β˜pα˜,
S3q = pα˜,
Sˇ1q = sin γ˜pβ˜ −
cos γ˜
sin β˜
pα˜ + cos γ˜ctg β˜pγ˜,
Sˇ2q = cos γ˜pβ˜ +
sin γ˜
sin β˜
pα˜ − sin γ˜ctg β˜pγ˜,
Sˇ3q = pγ˜,
⇓
pα˜ = S
3
q = −sin β˜cos γ˜Sˇ1q + sin β˜sin γ˜Sˇ2q + cos β˜Sˇ3q ,
pβ˜ = −sin α˜S1q + cos α˜S2q = sin γ˜Sˇ1q − cos γ˜Sˇ2q ,
pγ˜ = Sˇ
3
q = cos α˜sin β˜S
1
q + sin α˜sin β˜S
2
q + cos β˜S
3
q . (D3)
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APPENDIX E: THE 3-BODY CASE.
Let us try to rewrite the 3-body Hamiltonian (7.29) in a form reminiscent of the non-
relativistic Eq.(3.31) of Ref. [2], since this is the form used in the static orientation-shape
bundle approach [1]. We shall use the notation qµ for the 3 generalized shape variables (ρqa,
| ~N |), and pµ for the conjugate momenta (π˜qa, ξ).
In the non-relativistic orientation-shape bundle approach [1] one adopts the condition
~Sq = 0
61 for the definition of C-horizontal (corresponding to a gauge convention on the
definition of vibrations); on the other hand, the intrinsic concept of vertical (corresponding
to pure rotational motion) is defined by the condition of vanishing shape velocities q˙µ = 0.
If one would naively follow the non-relativistic formulation, the following decomposition of
the set (~Sq, pµ) into a vertical ()v part and a C-horizontal ()Ch part
(~Sq, pµ) = (~Sq, pµ|q˙=0 def= ~Sq · ~Cµ(~Sq, q,mi, γai))v +
+ (~0, pµ|~Sq=0
def
= pµ − ~Sq · ~Cµ(~Sq, q,mi, γai))Ch, (E1)
would be expected. This separation would identify the gauge potential ~Cµ(~Sq, q,mi, γai),
which could also be spin-dependent.
But in the relativistic case, since H(rel) =
∑3
i=1H(rel)i with each term being a square root,
the shape velocities q˙µ, evaluated by means of the first half of Hamilton equations, have to
be written as the sum of 3 terms q˙µi , i = 1, 2, 3,
q˙µ
◦
=
∂H(rel)
∂pµ
=
3∑
i=1
1
2H(rel)i
∂H2(rel)i
∂pµ
def
=
3∑
i=1
q˙µi , q˙
µ
i =
1
2H(rel)i
∂H2(rel)i
∂pµ
,
ρ˙q1
◦
=
∂H(rel)
∂π˜q1
=
3∑
i=1
1
2H(rel)i
∂H2(rel)i
∂π˜q1
def
=
3∑
i=1
ρ˙q1 i,
ρ˙q2
◦
=
∂H(rel)
∂π˜q2
=
3∑
i=1
1
2H(rel)i
∂H2(rel)i
∂π˜q2
def
=
3∑
i=1
ρ˙q2 i,
˙| ~N | ◦= ∂H(rel)
∂ξ
=
3∑
i=1
1
2H(rel)i
∂H2(rel)i
∂ξ
def
=
3∑
i=1
˙| ~N |i. (E2)
Therefore, the presence of the 3 square roots H(rel)i
62with H(rel) =
∑3
i=1H(rel)i allows
to introduce 3 concepts of i-vertical [q˙µi = 0]. As a consequence, now 3 concepts of Ch− i-
horizontal (one for each particle) can be introduced, each one defining a decomposition of
the type:
61It corresponds to the choice of a special connection C on the SO(3) principal bundle determined
by the Euclidean metric in the non-relativistic kinetic energy.
62Remnants of the positive energy branch of the mass-shell conditions p2i = m
2
i , which are char-
acteristic of Lorentz signature.
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(~Sq, pµ)|i = (~Sq, pµ|q˙i=0 def= ~Sq · ~Aiµ(q))v−i +
+ (~0, pµ|~Sq=0
def
= pµ − ~Sq · ~Aiµ(q))Ch−i (E3)
This implies the presence of 3 different particle gauge potentials ~Aiµ(q) (one for each par-
ticle) to be contrasted with the global but spin-dependent gauge potential ~Cµ(~Sq, q,mi, γai)
appearing in the vertical component of the momenta still given by the first part of Eq.(E1).
Therefore in the dynamical body frame approach [2] we could introduce 3 concepts
of i-dynamical vibrations: since, as we shall see, even the angular velocity has the form
~ω =
∑3
i=1 ~ωi, we could require to have ωˇ
r
i = 0 separately.
On the other hand, since in this approach the angular velocity is a measurable quantity,
the global dynamical vibrations are defined by the requirement ωˇr = 0.
This suggests to write the Hamiltonian for relative motions in the form
H(rel) =
3∑
i=1
H(rel)i =
=
3∑
i=1
√
m2i + Tˇ −1rsi (q)Sˇrq Sˇsq + v˜µνi (q)
(
pµ − ~Sq · ~Aiµ(q)
)(
pν − ~Sq · ~Aiν(q)
)
, (E4)
with Eq.(7.31) giving its purely rotational content.
It is clear that the generalized shape coordinates are not normal coordinates for the
Hamiltonian. Now there are 3 inverse metrics v˜µνi (q). There is no concept of inertia tensor
and of reduced masses. Instead, there are 3 mass-independent particle tensors Tˇ −1rsi (q)
replacing the inverse of the non-relativistic inertia tensor Iˇ−1rs(q,m) of Eq.(F18) of Ref. [2].
Let us see how it is possible to find ~C(~Sq, q,mi, γai), ~Aiµ(q), v˜µνi (q), Tˇ −1rsi (q) starting
from our choice of variables.
The 3 equations (E2) can be inverted to get pµ in terms of q
µ, q˙µ, Sˇrq , mi, γai: this is
as difficult as finding the Lagrangian for the relative motion. Then, by definition we have
~Sq · ~Cµ(~Sq, q) = pµ|q˙=0, namely
~Sq · ~Cq1(~Sq, q,mi, γai) = π˜q1|q˙=0,
~Sq · ~Cq2(~Sq, q,mi, γai) = π˜q2|q˙=0,
~Sq · ~Cξ(~Sq, q,mi, γai) = ξ|q˙=0. (E5)
From Eqs.(E2) we have the following form for the components q˙µi
ρ˙q1 i =
1
2H(rel)i
[
2(γ1i)
2π˜q1 + 2γ1iγ2i
[
(2 ~N2 − 1)π˜q2 + | ~N |(1− ~N2)
Sˇ2q − ξ
ρq2
]
,
ρ˙q2 i =
1
2H(rel)i
[
2(γ2i)
2π˜q2 + 2γ1iγ2i
[
(2 ~N2 − 1)π˜q1 − | ~N |(1− ~N2)
Sˇ2q + ξ
ρq2
]
,
˙| ~N |i =
1
2H(rel)i
[
(1− ~N2)
((γ1i)2
2ρ2q1
+
(γ2i)
2
2ρ2q2
)
ξ − 2γ1iγ2i| ~N |(1− ~N2)
( π˜q1
ρq2
+
π˜q2
ρq1
)
+
+ 2
√
1− ~N2
((γ1i)2
4ρ2q1
− (γ2i)
2
4ρ2q2
)
Sˇ2q
]
. (E6)
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Since q˙µi = 0 implies
∂H2
(rel)i
∂pµ
= 0, we get ~Sq · ~Aiµ(q) = pµ|q˙i=0. Then, from these equations
we can find ~Aiµ(q). Using the shape variables of our canonical basis we find
Aˇ1iµ(q) = Aˇ3iµ(q) = 0,
Aˇ2iξ(q) =
[
~N2(1− ~N2)
1−(2 ~N2−1)2 − 14
√
1− ~N2]( γ21i
ρ2
q1
− γ22i
ρ2
q2
)
1
4
(
γ21i
ρ2q1
+
γ22i
ρ2q2
) + (1−
~N2)(2 ~N2−1)γ1iγ2i
2ρq1ρq2
− ~N2
1−(2 ~N2−1)2 (
γ21i
ρ2q1
+
γ22i
ρ2q2
− 2(2 ~N2−1)γ1iγ2i
ρq1ρq2
)
,
Aˇ2iρ1(q) = −
| ~N |(1− ~N2)
γ1i[1− (2 ~N2 − 1)]
[γ2i
ρq2
+
(2 ~N2 − 1)γ1i
ρq1
+ (
γ2i
ρq2
− (2
~N2 − 1)γ1i
ρq1
)Aˇ2iξ(q)
]
,
Aˇ2iρ2(q) = +
| ~N |(1− ~N2)
γ2i[1− (2 ~N2 − 1)]
[γ1i
ρq1
+
(2 ~N2 − 1)γ2i
ρq2
+ (
γ1i
ρq1
− (2
~N2 − 1)γ2i
ρq2
)Aˇ2iξ(q)
]
. (E7)
The term in H(rel)i quadratic in the p
′
µs identifies the v˜
µν
i (q) so that
v˜µνi =


γ21i (2
~N2 − 1)γ1iγ2i − | ~N |(1− ~N2)ρq2 γ1iγ2i
(2 ~N2 − 1)γ1iγ2i γ22i − |
~N |(1− ~N2)
ρq1
γ1iγ2i
− | ~N |(1− ~N2)
ρq2
γ1iγ2i − | ~N |(1− ~N2)ρq1 γ1iγ2i 1−
~N2
2
(
γ21i
ρ2q1
+
γ22i
ρ2q2
) + (1−
~N2)(2 ~N2−1)γ1iγ2i
2ρq1ρq2

 . (E8)
The body frame angular velocity results
ωˇr
◦
=
∂H(rel)
∂Sˇrq
=
N∑
i=1
1
2H(rel)i
∂H2(rel)i
∂Sˇrq
=
N∑
i=1
ωˇri ,
ωˇri =
1
H(rel)i
[
Tˇ −1rsi (q)Sˇsq − Aˇriµ(q)v˜µνi (q)
(
pν − ~ˇSq · ~ˇAiν(q)
)]
,
ωˇ1i | ~ˇSq=0 =
1
2H(rel)i
[ 2
~N2
((γ1i)2
4ρ2q1
+
(γ2i)
2
4ρ2q2
+
γ1iγ2i
2ρq1ρq2
)
Sˇ1q −
− 2
| ~N |
√
1− ~N2
((γ1i)2
4ρ2q1
− (γ2i)
2
4ρ2q2
)
Sˇ3q
]
,
ωˇ2i | ~ˇSq=0 =
1
2H(rel)i
[
2
((γ1i)2
4ρ2q1
+
(γ2i)
2
4ρ2q2
+
γ1iγ2i(2 ~N
2 − 1)
2ρq1ρq2
)
Sˇ2q +
+
√
1− ~N2
[
2
((γ1i)2
4ρ2q1
− (γ2i)
2
4ρ2q2
)
ξ + 2γ1iγ2i| ~N |
√
1− ~N2
( π˜q1
ρq2
− π˜q2
ρq1
)]]
,
ωˇ3i | ~ˇSq=0 =
1
2H(rel)i
[ 2√
1− ~N2
((γ1i)2
4ρ2q1
+
(γ2i)
2
4ρ2q2
− γ1iγ2i
2ρq1ρq2
)
Sˇ3q −
− 2
| ~N |
√
1− ~N2
((γ1i)2
4ρ2q1
− (γ2i)
2
4ρ2q2
)
Sˇ1q ,
or ωˇri | ~ˇSq=0 = −
1
2H(rel)i
| ~ˇSq=0Aˇ
r
iµ(q)v˜
µν
i (q)pν . (E9)
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This allows to determine the functions Tˇ −1rsi (q) once ~Aiµ(q) and v˜µνi (q) are known. From
the equalities
H(rel)iωˇ
1
i = Tˇ −11si (q)Sˇsq ,
H(rel)iωˇ
2
i = Tˇ −12si (q)Sˇsq − Aˇ2iµ(q)v˜µνi (q)
(
pν − Sˇ2q Aˇ2iν(q)
)
,
H(rel)iωˇ
3
i = Tˇ −13si (q)Sˇsq , (E10)
we find the following non-zero components
Tˇ −111i (q) =
1
~N2
((γ1i)2
4ρ2q1
+
(γ2i)
2
4ρ2q2
+
γ1iγ2i
2ρq1ρq2
)
,
Tˇ −113i (q) = −
1
| ~N |
√
1− ~N2
((γ1i)2
4ρ2q1
− (γ2i)
2
4ρ2q2
)
,
Tˇ −122i (q) =
1
2
[γ21i
ρ2q1
+
γ22i
ρ2q2
+
(2 ~N2 − 1)γ1iγ2i
ρq1ρq2
]
−
− |
~N |(1− ~N2)γ1iγ2i
ρq1ρq2
(
ρq1Aˇ2iρ1(q)− ρq2Aˇ2iρ2(q)
)
−
√
1− ~N2
2
(γ21i
ρ2q1
− γ
2
2i
ρ2q2
)
Aˇ2iξ(q),
Tˇ −133i (q) =
1√
1− ~N2
((γ1i)2
4ρ2q1
+
(γ2i)
2
4ρ2q2
− γ1iγ2i
2ρq1ρq2
)
. (E11)
Finally, let us recall the following results of Appendix C of Ref. [2]
~π2q1 = π˜
2
q1 +
1
4ρ2q1
[
ξ2(1− ~N2) + (Sˇ2q )2 +
1
~N2
(Sˇ1q )
2 +
+
(Sˇ3q )
2
1− ~N2 + 2(ξ
√
1− ~N2Sˇ2q −
Sˇ1q Sˇ
3
q
| ~N |
√
1− ~N2
)
]
,
~π2q2 = π˜
2
q2 +
1
4ρ2q2
[
ξ2(1− ~N2) + (Sˇ2q )2 +
1
~N2
(Sˇ1q )
2 +
+
(Sˇ3q )
2
1− ~N2 − 2(ξ
√
1− ~N2Sˇ2q −
Sˇ1q Sˇ
3
q
| ~N |
√
1− ~N2
)
]
,
~πq1 · ~πq2 = (2 ~N2 − 1)π˜q1π˜q2 +
+ | ~N |
√
1− ~N2
[( π˜q1
ρq2
− π˜q2
ρq1
)
Sˇ2q −
( π˜q1
ρq2
+
π˜q2
ρq1
)
ξ
√
1− ~N2
]
+
+
1
4ρq1ρq2
[
(2 ~N2 − 1)(Sˇ2q )2 +
1
~N2
(Sˇ1q )
2 − (Sˇ
3
q )
2
1− ~N2 +
+ (1− ~N2)(2 ~N2 − 1)ξ2
]
, (E12)
~π2q1 = π˜
2
q1 +
1
4ρ2q1
[
ξ2(1− ~N2) + (Sˇ2q )2 +
1
~N2
(Sˇ1q )
2 +
75
+
(Sˇ3q )
2
1− ~N2 + 2(ξ
√
1− ~N2Sˇ2q −
Sˇ1q Sˇ
3
q
| ~N |
√
1− ~N2
)
]
,
~π2q2 = π˜
2
q2 +
1
4ρ2q2
[
ξ2(1− ~N2) + (Sˇ2q )2 +
1
~N2
(Sˇ1q )
2 +
+
(Sˇ3q )
2
1− ~N2 − 2(ξ
√
1− ~N2Sˇ2q −
Sˇ1q Sˇ
3
q
| ~N |
√
1− ~N2
)
]
,
~πq1 · ~πq2 = (2 ~N2 − 1)π˜q1π˜q2 +
+ | ~N |
√
1− ~N2
[( π˜q1
ρq2
− π˜q2
ρq1
)
Sˇ2q −
( π˜q1
ρq2
+
π˜q2
ρq1
)
ξ
√
1− ~N2
]
+
+
1
4ρq1ρq2
[
(2 ~N2 − 1)(Sˇ2q )2 +
1
~N2
(Sˇ1q )
2 − (Sˇ
3
q )
2
1− ~N2 +
+ ξ2(1− ~N2)(2 ~N2 − 1)
]
. (E13)
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